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Summary. — 78 associated production events 7*+p > %*+K* have 
been investigated by means of a propane bubble chamber (40 em x 
x 20 em x 20cm) placed in a magnetic field of 12.7 kG. The beam 
used had a momentum of (1.155+0.025) GeV/c, and had the following 
composition: = :piut:et—100:16:8:1. We have obtained following 
results: 1) The total (o=(0.214+0.035) mb) and differential cross 
sections obtained are in agreement with the charge independence hypoth- 
esis; 2) for Z2* > x+4n events, no significant asymmetries, up-down, right- 
left or forward-backward, were found; 3) the mean life of X* is 
= (0.75 075): 10 108. 


1. — Introduction. 


Si les réactions de création associées: 


(0) Tt+po>%°+K° 
(1) q+po>X+Kt 
(2) Tp > t+ Kt 


(*) Les résultats préliminaires de cette étude ont fait l’objet d’une communication 
à la X° Conférence des Hautes Energies (Rochester, Août 1960). 
(**) Détaché de l’Institut inter-universitaire des Sciences Nucléaires, Bruxelles. 
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satisfont à Vindépendance de charge, les sections efficaces différentielles et, 
par suite, les sections efficaces totales, doivent satisfaire à l’inégalité (1): 


(3) (26)? < (a_)? + (o4)*. 


Les sections efficaces concernant les réactions (0) et (1) sont relativement pré- 
cises puisqu'on connaît actuellement environ 300 événements de chacun des 
types (0) et (1) (2). Par contre, antérieurement à notre étude, on ne con- 
naissait que 32 événements du type (2) (#5). Aussi, les incertitudes sur les 
sections efficaces différentielles et sur la section efficace totale de la réaction (2) 
restaient-elles nécessairement grandes. 

CRAWFORD et al. (2) ont comparé la valeur expérimentale o, avec la limite 
inférieure 0° obtenue en appliquant Vinégalité (3) aux mesures expérimentales 
de o, et o_. Compte tenu des incertitudes, l’inégalité (3) était satisfaite pour 
cos0 > — 0.5, 0 étant langle dans le système du centre de masses entre le 
nt incident et le X+ créé. , 

Par contre, pour cos 0 <— 0.5, o, était inférieure de 1.6 écart-type a dia 
ce qui jetait un doute sur la validité de l’hypothèse de l’indépendance de charge. 

C’est pourquoi il nous a paru intéressant de reprendre l’étude de la 
reaction TT Ep > KL 


2. — Dispositif expérimental. 


Nous avons étudié cette réaction à l’aide de la chambre à bulles à propane 
de Saclay de dimensions intérieures 40 em x 20 em x 20 em (*). Pour éviter 
des interactions dans les parois épaisses d’entrée et de sortie, les centres de 
celles-ci sont évidés et fermés par des coupoles de 8 em de diamètre faites en 
acier inoxydable de 0.7 mm d'épaisseur. 
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La chambre était placée dans un champ magnétique de 12700 G et ex- 
posée, près de l’accélérateur «Saturne » à un faisceau de n+ rendu aussi pur 


et aussi monocinétique que possible. 


21. Le faisceau. — Le faisceau de x* utilisé avait, à l’entrée du volume 


sensible de la chambre, une impulsion de (1155 4 


25) MeV/c et sa composi- 


tion répondait sensiblement aux proportions ci-dessous: 


DE DÉURAOM=ATOO ALLO SELS 


La contamination en protons a été déterminée 


par la méthode du temps 


de vol; celle en u* et en e+, à l’aide d’un compteur de Cerenkov à gaz sous 
pression variable pour le prêt duquel nous remercions les physiciens du Labo- 
ratoire de Physique Atomique et Moléculaire du Collège de France (7), 


608 mur, 
a 


chambre 


Fig. 1. — Schéma du dispositif de selection du faisceau de z+ de 1.16 GeV/c. 


Le faisceau est représenté schématiquement par 


la Fig. 1. Issu d’une cible 


en Cu, placée dans une section droite de Saturne, il est pris sous un angle 


(7) R. Mocx: Journ. Phys. Rad., 21, 168 (1960). 
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de 18°15’ par rapport au faisceau primaire de protons. La largeur apparente 
de la cible suivant la direction choisie est égale à 1 cm. 
Avant de pénétrer dans la chambre, le faisceau traverse successivement: 


1) Un ensemble de trois lentilles quadrupolaires. 


2) Un premier aimant d’analyse en impulsion, où il subit une déviation 
moyenne de 23°. La bande d’impulsion prélevée dans le faisceau analysé 
(comprenant essentiellement des protons et des T° présents, à ce stade, dans 
une proportion d'environ 8 protons pour un x+) s'étend de 1245 à 1315 MeV/c; 
à 3 m du centre de l’aimant, l’étalement horizontal correspondant est de 6 cm. 


3) Un absorbant décélérateur, en polyéthylène, de forme particulière, 
décrite plus loin; ce décélérateur est disposé dans un canal de 6 em de largeur 
et de 10 em de hauteur, ménagé dans le mur de protection de Saturne. 


4) Un second aimant analyseur qui effectue la séparation des compo- 
santes protonique et mésonique, rendue possible par l'effet du décélérateur, 
et qui fait dévier le faisceau de z+ d’un angle moyen de 30°. 


5) Un collimateur en Pb de 70 mm de diamètre, légèrement inférieur 
au diamètre de la coupole d’entrée de la chambre à propane. 


Les réglages sont faits de la façon suivante: les lentilles quadrupolaires et 
le premier aimant produisent une focalisation horizontale sur le décélérateur, 
l’autre aimant en produit une seconde sur la chambre à bulles; de plus, l’en- 
semble des aimants réalise une focalisation verticale sur la chambre. 

Le décélérateur à pour but, d’une part, de rendre possible la séparation 
des composantes protonique et mésonique qui émergent du premier aimant 
avec la même impulsion, mais dont les vitesses sont cependant différentes 
(B,~ 0.8, b.:—1), d'autre part, de réduire Pétalement en impulsion du fai- 
sceau des m* sans en diminuer sensiblement l'intensité. 

La séparation des composantes est obtenue en utilisant la différence de 
leurs vitesses à laquelle correspond une différence appréciable des pertes d’im- 
pulsion par ionisation dans un absorbant donné. C’est ainsi que l'emploi d’un 
parallélépipède absorbant en polyéthylène (densité 0.92) de 46 cm de longueur 
a pour effet de réduire l'impulsion des protons de 160 MeV/e et celle des xt 
de 100 MeV/c, ce qui permet au second aimant de les séparer. 

Si le décélérateur avait la forme usuelle d’un parallélépipède, le faisceau 
conserverait pratiquement la même dispersion en impulsion, Ap, à l’entrée 
et à la sortie de l’absorbant pour l’une et l’autre composantes. Admettons 
que l'impulsion du faisceau, supposé parallèle, varie linéairement d’une extré- 
mité à l’autre de sa largeur !, en passant de P, a P,+Ap; on peut supprimer 
cet étalement en disposant sur le trajet du faisceau un absorbant complémen- 
taire en forme de prisme triangulaire, présentant aux particules qui le tra- 
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versent une épaisseur d’autant plus grande que l’impulsion de celles-ci est 
plus élevée. 

La monochromatisation ainsi obtenue est d’autant plus complète que la 
confusion en impulsion du faisceau traversant le prisme est plus réduite. 


L 
P = Py* Ap —_> ——— Po 
P =PothpZ — > SUS 
l 
x 
Py — Sn ji 


Fig. 2. — Prisme triangulaire destiné à supprimer l’étalement en impulsion d’un faisceau 
Il 
parallèle dont l’impulsion varie linéairement d’une extrémité à l’autre de sa largeur. 


Soit k la perte d’impulsion par cm (qui dépend de la vitesse des particules 
et de la nature de l’absorbant), avec les notations évidentes de la Fig. 2, on 
doit avoir: 


Ape hE 
d’où 
L 
= SE et tga = — DI 


Dans le cas du faisceau de m+ considéré et pour un absorbant en poly- 
éthyléne, on a k=2.2 MeV-c71-em* ce qui, pour Ap = 70 MeV/c et 1=6 cm, 
donne L=31.8 cm et tga=5.3. 

L’adjonetion d’un tel prisme au parallélépipède décrit plus haut permet 
done de monochromatiser sensiblement le faisceau (qui possédait initialement 
une bande d’impulsion étendue) et de concilier ainsi une bonne monochroma- 
tisation avec une grande luminosité. 

Cette luminosité est cependant limitée par le fait que certaines des parti- 
cules du faisceau subissent des interactions nucléaires dans le matériau du 
prisme. D’autre part, on utilisera, de préférence, un matériau de faible numéro 
atomique afin d’atténuer l’effet perturbateur de la diffusion multiple dans le 
décélérateur. 

Enfin, des tubes en mylar remplis d’hélium sont disposés sur le trajet du 
faisceau pour diminuer la diffusion multiple. 


22. Entrée du faisceau dans la chambre. — Nous avons étudié un échantil- 
lonnage de 1000 traces entrant dans la chambre. 
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738 d’entre elles entrent par la coupole. On considère les projections verti- 
cale (x) et horizontale (6) des angles formés par une trace avec le grand axe 
de la chambre. « et 6 ont des répartitions approximativement gaussiennes 
superposées à un faible fond continu. 

En ne conservant que les traces pour lesquelles x et à s’écartent de moins 
de 3 écarts-types des valeurs les plus probables (— 78 <a < 0°4 et — 3°8 < 
<6<5°2) il reste 670 traces (67.0 + 1.5) %. 

Dans ce qui suit, seront seules considérées comme faisant partie du faisceau 
les trajectoires incidentes satisfaisant aux conditions ci-dessus. 


3. — Analyse des clichés. 


31. Choix des événements à mesurer. — L'examen des 70321 paires de cli- 
chés stéréoscopiques obtenus a été effectué deux fois par des équipes indé- 
pendantes. 

Les événements de création m++ p — X*4+ K° recherchés doivent présenter 
une configuration en Y avec une 
cassure sur l’une des branches, 
celle du &* qui a une vie moyenne 
très courte, voisine de 107!° s, et, 
éventuellement, une deuxième 
cassure ou une étoile sur l’autre 
branche celle, du K~ s'il s'est dé- 


Fig. 3. — Configurations des événements de sintegré dans la chambre (Fig. 3). 
création 7++4+p > X++ Kt. 


Seuls sont retenus en vue de 
la mesure, ceux de ces événements 
qui ne présentent visiblement pas d’incompatibilité avec la cinématique 
tt+p >2*4+ Kt. 

La Fig. 4 reproduit des courbes de cinématique, relatives à la création 
associée x+-+p > X*+K*, à la diffusion élastique x++p >rt+p et à la 
diffusion élastique p+p — p+p. 

Un cas de création associée 7++p > 2 (art) E, colle: un 
Mirti Ex , ext reproduit par Ja Photo Jk 


my) 5 9 2 NEL 2 q Até fai 4 

32. Méthode de mesure. — Les mesures ont été faites par la méthode gra- 
phique (*). La courbure des trajectoires a été mesurée à l’aide dares de cercles 
étalons. 


ENT AW 12 

(*) V. BoRELLI, P. FRANZINI, I. MANNELLI, A. MINGUZZI-RANZI, R. SANTANGELO 
ma ap ee Tee re site es 4 zi > + 
F. SAPORETTI, V. SILVESTRINI, P. WALOSCHEK et V. ZoBoLi: Nuovo Cimento 10 
525 (1958). iS 
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Un programme pour l’ordinateur Mercury-Ferranti de Saclay a été établi; 
il permettait, à partir des mesures, de reconstituer l’événement (angles, lon- 
gueurs et impulsions). 


100 100 
7 A 5 

,7 creation 

mK? 


30 40 50 60 70 80 90 


Fig. 4. — Courbes de cinématique relatives a la production associée 7+4+p + X*+K*, 
à la diffusion élastique 7++p= x++p et à la diffusion élastique p+p— p+p. 


Les imprécisions ont été déterminées en tenant compte des erreurs expéri- 
mentales de mesure et de l’erreur introduite sur les courbures par la diffusion 
multiple. 

Lorsque le K* s’arréte dans la chambre, la mesure de son parcours donne 
une valeur p, plus précise, qui est alors retenue. De même, si la particule de 
désintégration du Y* s’arréte dans la chambre, elle est immédiatement identifiée 
comme 7*(+ ut +e), ou comme proton et la mesure de son parcours permet 
de remonter à l’impulsion p, du X*. 
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813. Critères de sélection des événements. — Un événement n’est retenu que 


s’il satisfait aux conditions suivantes: 


a) Conditions générales: 

1) La particule incidente appartient au faisceau. 

2) Le point d'interaction est situé au moins à 4cm et au plus à 
31 cm de la face d'entrée. Ceci est nécessaire pour avoir des mesures correctes 
d'orientation et d’impulsion aussi bien pour la particule incidente que pour 
les secondaires. 

3) Le X* créé a vécu au moins 0.24-10-%s dans son système de 
référence propre (pendant ce temps, un X* de 520 MeV/e parcourt 3 mm dans 
le propane). Cette coupure est nécessaire pour éviter un biais important dans 
la détection des X* courts et une trop grande imprécision sur l’angle 6. 


b) Conditions cinématiques à la création sur proton libre: 
1) Les trois trajectoires doivent étre coplanaires. 


2) En principe, p, incident étant donné, une seulement des quatre 
grandeurs px, Py, 0, 9, suffit à déterminer la cinématique de la réaction. Lorsque 
plusieurs de ces quantités sont mesurables indépendamment, elles doivent 
être compatibles. 


c) Conditions cinématiques à la désintégration du Y*. 
Pour un angle y donné et pour l'impulsion pr, déterminée par la cinématique 
de la création, l'impulsion mesurée de la particule de désintégration doit être 
en accord avec l’une ou l’autre des valeurs calculables correspondant, soit à. 
l’émission d’un proton, soit à celle d’un zx. 
Dans un certain nombre de cas, il y a compatibilité avec les deux modes 
de désintégration; il a toujours été possible d’en éliminer un par la considération 
de la densité de bulles sur la trajectoire de la particule de désintégration. 


d) Densité de bulles: Elle ne doit présenter aucune incompati- 
bilité avec la nature de la particule et l’impulsion qui lui est attribuée. 


34. Contamination par des créations sur protons liés. — Certaines des réactions. 
+ SE {+ qur dt id : O 
T*+p >2*+K* sur proton lié dans un noyau de carbone peuvent satisfaire 
aux critères et simuler un événement sur proton libre. Compte tenu de la 
largeur en i Si aisce: + e la prévisi : 

g uh en impulsion du faisceau de r+ et de la prévision des mesures, nous avons 
pu estimer par un Calcul cette contamination à (7 + 3) % Cette valeur est com- 
patible avec celle que l’on peut déduire des estimations de HANNUM et al. ‘OE 

La contamination étant faible, on a admis qu’elle ne modifie pas les di- 
verses répartitions, main on en a tenu compte dans le calcul de la section 
efficace. 
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4. — Résultats expérimentaux et discussion. 


Après application de tous les critères de compatibilité décrits, nous avons 
retenu 78 événements, soit 51 événements X* >7n+4+n et 27 événements 
L'>r+p. 

Comme il est maintenant admis que le rapport de ces deux modes est égal 
à l’unité (°), le rapport observé 27/51, difficilement explicable par une fluctuation 
statistique, suggère une perte à la détection pour les événements X+t > 7n°+ p. 


41. Discussion des pertes. — Une direction parallèle aux axes optiques des 
caméras de prise de vue est appelée « verticale »; on désigne par Ÿ l’angle 
qu’elle forme avec le « plan de production» AB, BC, BE (Fig. 3). 

Pour déceler un événement, on doit voir: 


1) une fourche en B, 


2) un changement en C caractérisé 
— soit par une cassure BC CD=y, 
— soit par un changement d’ionisation BO, CD, 
— soit par les deux à la fois. 


a) Cas où le X* se désintègre en r°+p . Dans ce cas, langle w 
est toujours petit (y,,,,= 25°) et le changement d’ionisation est, en général, 
faible. Il en résulte une perte systématique de détection qui peut se trouver 
amplifiée dans différentes circonstances: 


x) Lorsque N et 6+ @ sont petits. La Fig. 5 qui représente la répar- 
| tition des 27 événements observes en fonction de N pour deux bandes de valeur 
de 6+, met cette perte en évidence. 


B) Lorsque le parcours du X* est petit. Ceci aura en particulier pour 
conséquence de fournir une valeur trop élevée de la vie moyenne si on la 
détermine à partir des événements 2° (7°, p). 

Un second examen des clichés n’a pas permis d'augmenter de façon appré- 
ciable le nombre d'événements 2*- (7°, p) détectés. Nous en concluons que 
les configurations particulières mentionnées ci-dessus sont affectées d’une pro- 
babilité intrinsèque de détection très faible qui introduit un biais systématique. 


b) Cas où le X* se désintègre en rt+n. Dans ce cas, d’une part, 
l’angle y peut atteindre 180°, d’autre part, le changement d’ionisation est, en 


(?) D. A. GLASER: 9th Annual Intern. Conference on High Energy Physics (Kiev, 1959). 
p. 242. 
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MEN di Re 
ral, important; des événements de ce type échappent difficilement à l’ob 
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Fig. 5. - Répartition des évènements observés en fonetion de langle N du plan de 


la création =*K* avec la direction des axes optiques: a) répartition pour l'ensemble 
des évènements; 0) répartition pour 0+g>40°; €) répartition pour 0+@< 40°, 


La Fig. 6 représente la statistique des 51 événements observés; les résultats 
sont statistiquement compatibles avec une perte nulle, sauf peut-être, pour 
W< 10°. 

Pour Î > 10°, il n'y a done aucune raison de mettre en doute la valeur 
de Vefficaciteé de détection qui, après un double examen des clichés, a été 
trouvée pratiquement égale A un. 

En conséquence, afin d'éliminer tous les cas où la détection est affectée 
de pertes systématiques, nous avons basé nos interprétations ultérieures uni- 
quement sur les 49 cas où le X* se désintègre en x* et pour lesquels Î est 
supérieur à dix degrés. 
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Fig. 6. — Répartition des évènements observés en fonction de l’angle Ÿ du plan de 


création 2*K* avec la direction des axes optiques: a) répartition pour l’ensemble des 
évènements; b) répartition pour 0+ > 40°; c) répartition pour 04 < 40°. 


42. Calcul de la section efficace totale. 


a) Calcul de la longueur effective de traces de rt étudiées: 
Dans les clichés examinés au cours de notre étude, N — 1042000 traces 
entraient par la face d’entrée de la chambre. N a été estimé d’après un échan- 
tillonnage partiel auquel correspond une incertitude: 

ANT 


== = Here, 
€ N ) 


1) La proportion de ces traces qui pénètrent par la coupole et ont 
une bonne orientation est: 


k, = 0.67 + 0.015 
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avec une incertitude relative: 


Ak, = 0.015 


= — = 2°10". 
ike 0.67 


€; = 


2) La proportion de z+ dans le faisceau est: 


Tosi 100 100 


k, = - — = = (Ue. 
t= I a 100 + 10+8+41 JG) 


avee une incertitude relative 


3) Certaines des traces de rt s’arrétent dans la chambre par suite 
d’interactions. En prenant pour les z+: o,=29 mb et o, = 240 mb, et tenant 
compte de la densité (0.42) du propane détendu a une température de 62°, 
nous avons calculé le libre parcours moyen de 7*, soit 


À = 184 em + 20 cm. 


Compte tenu de la position du volume utile dans la chambre, définie plus haut, 
on voit alors que tout se passe comme si le nombre de particules était mul- 
tiplié par 

Fa 0.911 


avec une incertitude relative 


E3 = LORS 


Le volume utile ayant une longueur {= 27 cm, la longueur effective des traces 
étudiées est: 


L= N hye ky: ksl = 14.410 cm. 


Les incertitudes partielles étant indépendantes, l'incertitude sur LL, est: 


b) Calcul du nombre corrigé d'événements: A partir des 
49 événements 2 —7rt+n de vie propre > 0.24:1071° s pour lesquels 10° < 
ta Î < 90°, nous avons obtenu le nombre total d'événements m+-+- p — N++ K+ 
en multipliant par les facteurs correctifs suivants: 
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1) h, compensant l’abandon des événements 2*—>7t1n situés dans 
les plans 0° << N < 10° 


2) h, compensant la perte des événements de vie propre t< 0.24: 
-10-0 8 (=%) 


Pour calculer cette correction, nous avons pris pour vie moyenne d’un X* la 


valeur T= (0.75 %%):10-1% s obtenue dans notre étude (le détail de cette déter- 


mination est donné plus loin). 


3) hs, pour tenir compte des deux modes de désintégration X* + 
>rt+n et Xt+7°+p qui sont également probables (9): 


he = 2.00. 


4) h,, pour éliminer la contamination (7 + 3)% @événements sur pro- 
tons liés appartenant aux noyaux de carbone: 


1 MORE 
connu avec une incertitude relative 
Da = DOM 
Le nombre « vrai» d’événements de création 7+-4+ p > X*+ Kr est done: 
N= 49" he ha hh, = 141.5, 


Les incertitudes ©, et w, et l’incertitude relative (14.5 -10-2) sur le nombre 49 
sont indépendantes et s’ajoutent quadratiquement pour donner l’incertitude 
sur n: 

An 


Dee — OH 
n 
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Caleul de la section efficace totale: 


n masse moléc. de C,H, e 
ELE La Saas lo 


ga 8 (protons libres) > densité CH, x 6.02 - 102% 


o, = (0.214 + 0.035) mb. 


Cette valeur est bien compatible avec 1’hypothèse de l’indépendance de charge. 
En effet, si l’on prend (?): 
co = 0.39 + 0.037 mb pour la section efficace de la réaction (0) et 


o_= 0.27 + 0.028 mb pour la section efficace de la réaction (1), l’inégalité (3) 
prenc la forme numérique: 


0.88 + 0.04< (0.52 + 0.03) + (0.46 + 0.04). 


43. Section efficace différentielle. — Soit O,,, l'angle d'émission du 2° dans 
le système du centre de masses. Suivant les valeurs de cos @,,, les 49 événe- 


de mb/sr 
A 
N? d'évènements 
18 
0.02 E 
9 
0.01 7 
0001 ues 
os 
40 -05 0 05 10e, 
1802 1202 902 602 02 
Fig. 7. — Section efficace différentielle absolue basée sur les 49 événements St tt+xn 


“ig 
(N > 10°). | 


| Nos valeurs. = Limite inférieure caleulée par CRAWFORD et al. (È) 
4 > T a Ps + | US È 
dans l'hypothèse de 1 indépendance de charge. 


ments retenus ont été classés en quatre groupes correspondant à des angles 
solides égaux à 7 stéradians. La Fig. 7 représente la section efficace différen- 
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tielle obtenue. Les barres d'erreurs correspondent à une incertitude Vn sur 
n événements observés. 

Nous avons également porté sur la même figure les limites inférieures de 
la section efficace différentielle avec leurs incertitudes, calculées par CRAWFORD 
et al. (2) à partir des sections efficaces différentielles des réactions (0) et (1) 
dans l’hypothèse de Vindépendance de charge. On constante que nos valeurs 
sont compatibles avec cette hypothèse. 

L’échantillonnage est statistiquement insuffisant pour analyser, de façon 
précise, la distribution angulaire; cependant l'émission vers Vavant semble 
favorisée, le rapport 


avant dò 
arrière 16’ 


différant significativement de l’unité. 


44. Vie moyenne des X*.- L’étude de la vie moyenne par la méthode de 
vraisemblance maximum pour les 49 cas X* > nt 4+n retenus donne la valeur: 


C0 ai 
Nous avons vu que ce type d’événements ne paraît pas affecté de pertes systé- 
matiques. 

Si l’on considère maintenant les 27 événements Z*+p+7 ayant vécu 
plus de 0.24-10-1$ on constate que la décroissance des X* se représente, mais 
assez médiocrement, par une exponentielle dont la vie moyenne serait: 
C= (Cees) ‘10-10 s. L’écart entre 7 et t’ est dans le même sens et a le même 
ordre de grandeur que celui observé par FREDEN et al. (1). Il ne nous paraît 
pas possible de dire s’il correspond a un effet physique réel. 

Nous avons vu, en effet, qu’on perd systématiquement certains événements 
Z2*—pr,. Les chances de pertes augmentent quand la trace du X* est courte. 
Cela désavantage les X* ayant vécu peu de temps et doit produire un allon- 
gement apparent de la vie moyenne. Si l’on ne tient compte que des événe- 
ments 2*>p+7, où le X+ a vécu plus de 0.5-10-!° s, les pertes dimi- 
nuent, et l’on trouve "= (0.76*%)-10-!° s, valeur compatible avec la vie 
moyenne 7 déduite des événements L*>7*+mn. 

La valeur t= (0.753) -10-!°s qu’il nous paraît raisonnable d’admettre 
pour la vie moyenne du X* est comparée dans le Tableau I aux valeurs données 
par d’autres auteurs. 


(1°) S. C. FREDEN, H. N. KornBLUM et R. S. WHITE: Nuovo Cimento, 16, 611 (1960). 
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Taste I. — Valeurs de la vie moyenne t des E*. 
| Nombre Ti 
Auteurs DORE (T° 1020),8 Auteurs AB (7-1019) s 
3 d’ événements d’ événements 
Emulsions X*--p+7r° (vol) NES Pars (vol+ repos) 
ve | So + 017 
KIEV 99 052 GIBs 30.07 |) 0.04" 578 
4 - | 
7 : +0.11 
25 4g Kiev 80 +99 Done, 
KAPLON — - | > = 
59 050 ¥ 254-99 NO SO 
ee KAPLON | 
È 1.87 partiels dee Cota 
FREDEN 49 Odi RS 59472 P9734 
4 È DINI +0.14 
K--Coll. 31 0.687975 |  FREDEN 49468 | 0.857014 
| | 
; Det En 
Chambres à bulles X* >nt4+n K--Coll. 19 +29 | 0.820,84 
et St>p-+r7° 
ALVAREZ 58 0.70 +0.10 
GLASER 19 0.95 
Notre travail 49 (x+-+n) | 0.757353 
Les valeurs de ce tableau sont tirées du rapport de Glaser à la IX° Conférence des 
Hautes Energies (Kiev, 1959), et des articles de KAPLON et al. (11) et de FREDEN ef al. (1°) 


45. Asymétries dans la désintégration du X*. — L’ étude de la distribution angu- 
laire des particules de désintégration du ZT peut donner différentes informations. 

Dans le système du centre de masses, avec les définitions habituelles, les 
asymétries haut-bas peuvent donner des informations sur la non-conservation 
de la parité dans les interactions faibles (désintégration de Vhyperon). Les 
asymétries avant-arrière et droite-gauche peuvent donner des informations 
sur la conservation de la parité dans les interactions fortes (création de 
l’hyperon). 

Nous obtenons pour les 2* +7n+-+n 


haut 29 5 haut — bas 0.20 + 0.28 
bas 27) (haut Sloan n 
avant 26 D avant — arrière 


ai == 012 19 
arrière 23 Veda 


droite 29 
gauche 20 


— 4 7 SE 
avant + arrière 
o droite — gauche 
> 2 - = = 
droite + gauche 


ae (ee 


(1!) M. F. Kapton, A. C. MELissinos et T. YAMANOUCHI: Ann. Phys. U.S.A., 
9, 139 (1960). 
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Les incertitudes indiquées correspondent à un écart type. Il n'apparaît 
pas d’asymétrie significative; la valeur obtenue pour l’asymétrie haut-bas 
est compatible avec la valeur de CRONIN et al. (12). 


Le personnel du SEFS et de la CEDAP du Département de Saturne, l’équipe 
de fonctionnement de la chambre à bulles, celles de dépouillement de Saclay 
et d'Orsay, ainsi que celle de développement des clichés, et la Section de Calcul 
Electronique du C.E.N. de Saclay, nous ont apporté, chacun pour ce qui les 
concerne, une collaboration qui a beacuoup facilité notre tâche et dont nous 
tenons à les remercier ici. 

Nous avons eu des discussions fructueuses avec le Dr. P. WALOSCHEK de 
l’Institut A. Righi de Bologne, ainsi qu'avec les physiciens des autres groupes 
de chambres à bulles de Saclay. Madame Monique NEVEU-RENÉ nous a 
apporté, à différentes occasions, le concours précieux de son expérience. 

Nous tenons également à exprimer nos remerciements aux Drs. FALK- 
VATRANT et L. VAN Rossum, à Mlle T. Yuasa, à M. HAMENDE, pour l'intérêt 
qu'ils ont porté à certains stades de l’expérience, ainsi qu'aux physiciens, ingé- 
nieurs et techniciens qui, à différentes occasions, nous ont prêté leur concours. 

L'un de nous (F.G.) est reconnaissant à l’Institut Inter-Universitaire des 
Sciences Nucléaires de Bruxelles, pour lui avoir permis d’effectuer un séjour 
à Saclay. 


(12) J. W. Cronin, B. Cork, L. Kerry, W. A. WENZEL et R. L. CooL: Bull. Am. 
Phys. Soc., 5, 11 (1960); R. L. Coor, B. Cork, J. W. CRONIN et W. A. WENZEL: Phys. 
Rev., 114, 912 (1959). 


RIASSUNTO (*) 


Abbiamo analizzato 78 eventi di produzione associata 7++p + 2*+ K*, per mezzo di 
una camera a bolle a propano (40 em x 20 em x 20 em) posta in un campo magnetico 
di 12.7 kG. Il fascio usato aveva un impulso di (1.155+0.025) GeV/c ed aveva la 
seguente composizione: rt:piut:et—100:10:8:1. Abbiamo ottenuto i seguenti risultati : 
1) le sezioni d’urto totale (o=(0.214+ 0.035) mb) e differenziale ottenute si accordano con 
l'ipotesi della indipendenza della carica; 2) per gli eventi £*(m*n) non ho trovato 
significative asimmetrie sopra-sotto, destra-sinistra od avanti-indietro; 3) la vita media 


del ST è t=(0. 752605) - 10-10 5. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Voz. XXI, N.5 1° Settembre 1961 


Field Metrics. 
III. Field Charges. 


P. SEN 
National Physical Laboratory - New Dehli 


(ricevuto il 12 Maggio 1961) 


Summary. — The determinants of the field metrics which have been 
defined earlier by means of a correlation to the field wave equations are 
evaluated and found to be products of the strengths of the field charges. 
It is now suggested that these determinants have the value unity in the 
natural field units and the resulting correlations with principles of the 
theory of relativity are mentioned. It is shown that then generally the 
strengths of all field charges can be determined. The procedure is illus- 
trated in detail for the Tanikawa field theory and the obtained values 
of the field charges are found to support it. 


1. — From the physical significance of a metric for a quantum field and 
from the similarity between the expressions for the commutation relations, 
Feynman propagator and the metric of the free photon field we suggested (1) 
a hypothesis that there exist metric equations for all quantum fields and postu- 
lated that, 


1) In accordance with the principles of relativity a quantum field has 
a metric which is correlated to its commutation relations and Feynman pro- 
pagator. Conversely by means of this correlation the metric determines the 
field wave equation which is found (1) to be non local due to the occurrence of 
internal degrees of freedom in it, but otherwise the metric is arbitrary and 
can be so chosen as to obtain a given wave equation. 
We should now like to utilize another principle of relativity, the gauge 
invariance (?) and show that the strengths of the field charges can be derived 


(1) P. SEN: Nuovo Cimento, 15, 513 (1960); 18, 613 (1960). 
(?) H. WEYL: Space-Time-Matter (New York, 1950). 
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by it from a given set of field metrics. Furthermore by comparing the values 
of these calculated charges with the known charges, the electron charge e, 
the strong spin 0 meson charge e,, the intermediate weak meson (8) charge e, 
and the Fermi ( interaction constant G a unique set of metrics or wave equa- 
tions can be obtained and some of the present ambiguities in the wave equa- 
tions such as their order, a pseudovector or pseudoscalar e,, vector or scalar 
e»; and e, or G are eliminated. 

It has often been suggested (4) that the fields and their charges could be 
obtained from a generalization of the quantum field gauge invariance. In 
continuation of our basic idea of correlating classical and quantum fields by 
means of the fundamental principles of relativity we shall utilize a classical 


form of the principle of gauge invariance here and accordingly make the se- 
cond postulate, 


2) The volume densities of the quantum fields obtained from the deter- 


minants of their metrics are equal to unity in the natural field units (5) in which 
the electromagnetic interaction constant is 4ahce-?/°>=1. This postulate is a 
principle of the conformal projective theories of general relativity (f) and is 
equivalent to the original form of the principle of gauge invariance (7). 


After deducing the metrics of a given set of wave equations when their 
determinants are evaluated they are found to be simple and generally a dif- 
ferent product of the field charges for every metric. Thus the second postulate 
provides a remarkably simple procedure for the determination of the field 
charges and since the number of metrics exceeds the number of charges some 
verification of the calculations is also obtained. However if the product of 
two charges occurs in the same way in all the determinants it is necessary 
to use the known value of one of them to obtain the calculated value of the 
other. We shall also show later in the Section 4 how the second postulate 
may be reformulated so that all measurement units are included. 


(5) Y. TANIKAWA and S. WATANABE: Phys. Rev., 113, 1344 (1959); S. ONEDA and 
Y. TANIKAWA: Phys. Rev., 118, 1354 (1959). See also T. KinosHITA: Phys. Rev. Lett,. 
4, 378 (1960); P. T. MattrHmws and A. SALAM: Nuovo Cimento, 19, 837 (1961). 

(4) A. SALAM and J. C. Warp: Nuovo Cimento, 11, 568 (1959); 19, 165 (1961). 

(5) The transformations A,>41A4,. y— Aly, in the Dirac-Maxwell equations (1) 
transforms them to the natural field units. The requirement of the metric formulation 
that the interaction constants appear in the same form in all the wave equations. 
determines uniquely the transformations for all the other fields. When these trans- 
formations have been made the wave and metric equations in the natural field units. 
are obtained. We note that to obtain the natural units here À —1, e, > A-le,, en, >A ley. 

(5) T. Y. THomas: The Differential Invariants of Generalized Spaces (Cambridge. 
1934), pp. 20, 21, 66. 

(7) P. G. BERGMANN: Introduction to the Theory of Relativity (New York, 1947), p. 246, 


= 
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Now in the next Section 2 and the Section 8 the procedure for calculation 
of the charges is illustrated in detail for the Tanikawa field theory (#) in which 
there exist the charges e, the pseudoscalar meson charge €, and the chiral 
scalar neutral and charged meson charges e, and €»? €» and e, are of the same 
magnitude so for simplicity and since when they are different our argument 
can readily be extended without affecting the general conclusions we let 
€y = ey. We also note here that the charge strengths proposed for this field 
theory are supported by their calculated values and that it seems difficult 
to obtain such agreement for the other possible field theories. 


2. — Let the lepton (baryon) spin } fields y, and y, (py and y,) be com- 
bined so that 


s sti I 


and let the metric equation for y(x, 7) be given by 


(2) p(w, t){a? + 124 22 4,(x) A, (x) + 


+ Yo (Abme(a, thx, v) + A 12 (x, T) x, t))}v(e, t)= 0. 


ig NO 


a+: A 4 TING : n PI) 2 2 

The notation of reference (+) is used here, 7° = eî/4rhe, 1° =e! /4ahe; n° and x° 

are pseudoscalar parity conserving and scalar chiral meson fields respectively. 
The metric of the spin 3 à fields is given by the expression in curly brackets (1) 


SR 
in (2) and æ,, 7, Ty z’ and y° are to be considered the independent variables 
of the metric so that it can be wri i 4 D her | 

î itten in the form g,(y)tæ, where @,= 


~~ ~~ ~~ 

= (2,, Tar À, , 7°, x") and 0,0=1,..., 18. We note that is a dia | 
(a Joo(P) 18 agona 

matrix, g,,(y)~0,,, and obtain from the second postulate when A, > 1, 

À, SEA ANSA, Aw = ADANI, 


(3) VO 


in natural field units. Inserting the known value (3) of 4° = 15.0 we obtain 
4, =3.5:10-§ and the Fermi + interaction constant whose known value is 
1.0:10-/m" is found (*) to be 2.283: ‘10-/[m;—m',.| where m, and my are 
the chiral meson and nucleon masses. Therefore we obtain m, ~ 3300 elec. 
tron masses which is in accord with the Tanikawa field theory. | 
We should now like to show that the Tanikawa field fermion wave equa 
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tions can be obtained from the metric equation (2) in which all the fermion 
fields y,, y, Yy» and y, have had to be combined in the form y on account 
of their interaction with each other through the 7 and y meson fields. A 
second order wave equation is obtained for the field from the metrie eq. (2) 
by means of the first postulate (1). We note that it does not contain the fer- 
mion intrinsic magnetic moment term and that the metric in (2) can easily 
be modified to include it. But at present we wish for the simplest formulation 
and have neglected all but the principal terms and expect that the results will 
not be appreciably altered by such omission (8). When the second order wave 
equation is reduced to first order wave equations the spin matrices y,, the 
isobaric spin matrices o;, where 4 —1,..., 3, which decompose y, (w,) into w, 
and y, (y, and y,), and the isotopic spin matrices 7, which decompose w 
into y, and y, will occur. We expect that the fermion meson interaction term 
in the first order wave equations can be written in the form o, x t,,;;, where 
Yi is a Symmetric tensor whose six components are 7° and y° and that the 
Tanikawa couplings will be obtained from this interaction term. When the 
second order wave equations are constructed from these first order wave equa- 
tions we expect the occurrence of the intrinsic magnetic moment type cross 
term which however can be neglected for the present (8). The first order wave 
equations are not investigated further here as we are primarily interested in 
the metric eq. (2). However of course the eq. (2) has a meaning only if there 
exists the suggested form of interaction. 


3. — In the Tanikawa field theory there exist two families of spin 0 mesons, 


the x-mesons of masses 270, 970,..., and the mesons of masses 3300, ..., 


electron masses (°) and we can combine them just like the fermions in eq. (1), 


(4) pr= my, Ca. gt AE ay Aes 


(8) The most convenient way to introduce the term corresponding to the fermion 
intrinsic magnetic moment in their metric equation without altering the already found 
value of the determinant |g,,(y)| is to add the term 24y,7,x,4,, where y <y, to the 
metric. Then the matrix becomes triangular and its determinant is determined by its 
diagonal terms only. 

(®) The mass spectrum of the mesons and fermions as well as the selection rules 
which allow their relatively long life times by forbidding the strong interactions can 
be obtained from the internal co-ordinate wave equations (P. SEN: Nuovo Cimento, 
8, 407 (1958)). It is interesting to note that now there will exist similar selection 
rules for the weak Tanikawa interactions also; that the known elementary particle 
decays must be allowed by them; that some types of decays will also be forbidden 
by them; that the decays allowed by means of chiral mesons of different masses will 
have different Fermi interaction constants; so that perhaps a synthesis of all weak 
decays will be possible. 
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Then let the spin 0 meson metric equations be (1) 


(5) pe? + 1° +4, Sp (VEE + Ky Ke) + 

E À; Sp (y;Ky ¥5K yp sa 6) (0) =0, 
(6) PH + 1° + AA, + 22 Sp (EE) + 4, Sp (y Koy Ker 
where the co-ordinates of the fields have not been explicitly mentioned and 
K’s are the fermion propagators. These metric equations contain the Tani- 
kawa field interactions explicitly and from the corresponding second order 
wave equations we can obtain in a straightforward way the second order wave 
equations for the x and y mesons which correspond to the Tanikawa field 
theory. Then in that case, as in Section 2 we are only interested in their 
metrics which are again given by the expressions in curly brackets in the 
eq. (5) and (6). The independent variables in these metrics are æ,, t,, A,» ICs 
and the metric can again be written in the form g,,(¢7)Y,Y,, where Y,= 


= ha re BEE O) The determinant |g,,(9°)| is easily evaluated 
specially by noting that Æ,,— 0, so that g,;(9°) becomes a diagonal matrix. 


Then we again obtain 4°4,4,—1 and note that this agreement with the 
eq. (3) is the result of the structural symmetry of the fermion and meson metric 
eq. (2), (5) and (6) obtained by means of the eq. (1) and (4). It has the con- 
sequence that the meson wave equations are of second order. 

Finally let the photon metric equation be 


— 
=] 
_— 


Ade eta AA VIA 

sr Avi Sp ( Vu Ky, K° > VHS Vy, Hiya = 0 
which has been written in a more convenient form and differently from be- 
fore (1). The metric for the photon field A, is obtained by noting that ac- 
cording to the first postulate [A roe ll Ô 


w SO that the index » in the second 
term of (7) is replaced by w. 


The matrix g,,(A,) is seen to be diagonal 
fal aioe and its determinant is easily evaluated. The second postulate 
then gives the identity 1—1 which verifies the consistency of the metric 
equations or of the wave equations. 


4. — To transform the above results to other units than the natural field 
units it is necessary that the second postulate be so reformulated that the 
volume density of a given metric is equal to a", where « is a constant and n 
is equal to the total number of components of the Se fields in thy 
metric. For example, the eq. (3) is then replaced by | BY) = AAA, = 
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‘and we note that the field units are x times the natural units. Thus the use 
of units other than the natural units has the disadvantage of the restatement 
of the second postulate for every metric but it also indicates that further re- 
formulations for the second postulate are also possible and that it could be 
so stated that any field theory is compatible. However the above statement 
of the second postulate is the most natural and suggests the correlations 
mentioned in Section 1. 


sp pa ca 


The author is very grateful to Professor G. WATAGHIN for encouragement. 
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Si valutano i determinanti delle metriche di campo precedentemente definite per 
mezzo di una correlazione con le equazioni d’onda del campo e si trova che sono i 
prodotti delle intensità delle cariche di campo. Si postula ora che tali determinanti 
abbiano valore unitario nelle unità naturali del campo e si rilevano le correlazioni 
risultanti coi principi della teoria della relatività. Si dimostra che, in generale, allora 
si possono determinare le intensità di tutte le cariche del campo. Si illustra in det- 
taglio il procedimento per la teoria del campo di Tanikawa e si trova che i valori 
delle cariche del campo trovati ne sono una prova. 


(*) Traduzione a cura della Redazione. 


IL NUOVO CIMENTO MOT EN CCIRNES 19 Settembre 1961 


On the Analysis of Deuteron Stripping Reactions. 


M. NAGASAKI (*) 


Istituto di Fisica Teorica dell Università - Napoli 
Istituto Nazionale di Fisica Nucleare - Sottosezione di Napoli 


(ricevuto il 15 Maggio 1961) 


Summary. — The equivalence of the Butler approximation and the 
Born approximation for the deuteron reaction in the extrapolation method 
of determining the reduced width of the captured nucleon is verified, 
and the relation of the extrapolation method to the method of Bowcock 
is discussed. Numerical comparison is given for the particular case ot 
C12(d, p) C18*(3.09 MeV state) at H,=2.89 MeV. 


1. — It is usual to analyse the angular distribution of a given (d, p) or (d, n} 
reaction in terms of the Butler formula (1) of the deuteron stripping reaction. 
One gets the value of the orbital angular momentum of the captured nucleon 
by fitting the position of the maximum of the theoretical angular distribution 
given by the Butler formula to the position of the maximum of the exper- 
imental angular distribution with a reasonable value of the radius of the target 
nucleus which is an adjustable parameter in the Butler formula. The value 
of the reduced width of the captured nucleon is determined by normalizing 
the theoretical cross-section to the experimental one at the peak. 

Since, in some cases, the theoretical angular distribution due to the Butler 
theory does not fit well the experimental one, and the value of the reduced 
width determined by the normalization method differs from the value deter- 
mined from other reactions, there have been many efforts (?) to study the 


(*) On leave of absence from the Department of Physics, University of Rikkyo, 
Tokyo, Japan. Now at the University of Naples. 

(1) See for example, 8. T. BUTLER: Nuclear Stripping Reactions (New York, 1957). 

(2) See for example, G. BrEIT: Handbuch der Physik (Berlin, 1959), Sect. 45. 
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effects of the interactions such as the final state interaction and the Coulomb 
interaction which are not taken into account in the Butler approximation. 
Since the absolute value of the theoretical cross-section in those refined cal- 
culations depends on the interference between the Butler theoretical reaction 
amplitude and the reaction amplitudes due to the residual interactions, the 
value of reduced width determined by the normalization method is different 
from that deduced from the analysis in.terms of the Butler formula and de- 
pends on the way of taking into account the residual interactions in a com- 
plicated way. 

Recently AMADO (*) has applied to the analysis of deuteron stripping re- 
actions the method of extrapolation proposed by CHEW and Low (*) for the 
analysis of a type of reaction in which a single particle is exchanged between 
two incoming particles. He has noted that the reaction amplitude due to the 
Butler approximation has a pole as a funetion of the momentum transfer in 
the unphysical region. The method of extrapolation of the experimental an- 
gular distribution up to an angle with cos0 > 1, which corresponds to the 
imaginary momentum transfer at the pole, gives the value of the reduced 
width as the residue of the cross-section at the pole. 

The purpose of this note is two-fold. One is to point out that the position 
and residue of the Butler reaction amplitude are same as the position and 
residue of the reaction amplitude due to the Born approximation, confirming 
the general idea of CHEW and Low. Second is to discuss the relation of the 
extrapolation method to the method of analysis proposed by Bowcock (?). 


2. — For definiteness, let us take the case of (d, p) reactions. The reaction 
amplitude is, apart from some kinematical constants, given by the product. 
of two factors (5): one is the probability amplitude for finding the final proton 
momentum k, in the initial deuteron 


ka)-r], 


bole 


(1) P(k, — 4 ka) = far pa(r) exp [i(k, — 


where k, is the momentum of the incident deuteron and yw, is the wave func- 
tion of the deuteron, r being the relative co-ordinate between the proton and 
neutron. With the Yukawa type wave function for y,, (1) becomes 


2) P(k FE 2 k,) + 4nN/[(k, pei 3 k,)? SF a? | ; 


Dp 


(8) R. D. Amapo: Phys. Rev. Lett., 2, 399 (1959). 

(4) G. F. CHEW and F. E. Low: Phys. Rev., 113, 1640 (1959). 
(5) J. E. BowcocK: Proc. Phys. Soc. (London), 68 A, 512 (1955). 
(6) P. B. Darrcx and J. B. FRENCH: Phys. Rev., 87, 900 (1952). 
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where a? is related to the binding energy, B,, of the deuteron through the 
relation «2 = MB,/h?, M being the nucleon mass, and N is the normalization 
constant of the deuteron wave function. This factor has a pole as a function 
of the square of the momentum transrer of the proton K=k,—4k, when 
K?——?. It is easy to see that the denominator of (2) can also be expressed. 
as q?+x2, where q is the momentum of the recoiled neutron to be captured, 
q= k?—(M,/M,)k,, M; and M, being the masses of the initial and final nuclei 
respectively and x? is related to the separation energy S, of the captured neutron 
from the final nucleus through the relation S, = ?x?/2M,, M, being the re- 
duced mass of the neutron M,— M(M,/M,). From the energy conservation 
we have 

hehe hehe ho? | (SI CI 
e OM, 2M, M 2 


0, 


with M,=2MM./(2M + M,) and M,=MM,/(M+M,). From this relation 
and the definitions of q and K, we get 


(4) 2(K? + a?) = (M,/M,)(q? + x) - 


Thus the zero of (K?+ x?) is same as that of (g°+x) which is used to 
define the pole of the Butler reaction amplitude by AMADO. 

The other factor is the probability amplitude for the capture of the neutron 
from the plane wave state exp[?q-r,]| to the final bound state: 


foo} 


(5) dior = far fast. E) Vaeyi(&) exp lig-r.], 


0 


where y; and y, are the wave functions of the initial and final nuclei respec- 
tively, Ë representing collectively all the co-ordinates of the initial nucleus, 
and V, is the interaction potential between the neutron and the initial nucleus. 
Making use of vive Schrodinger equation satisfied by y; and y;exp[ig:r,], 
(5) can be rewritten as 


De] 


x h? seri | 
(6) Ino = — pap (+ 24) | dr, exp [ig-ralf(rs) ; 
with i 
(7) (Te) = fasse È) Xi(È) . 


In the Butler approximation, the integral with respect to r, from zero to a, 
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the nuclear radius, is neglected supposing that the neutron wave function f 
oscillates rapidly for r,<a because of the interaction between the neutron 
and the nucleons in the initial nucleus so that it averages to zero. Thus we have 


foo} 


(q? + a [ar exp (iq:‘ra) f(ra) - 


a 


he 


(8) J Butler Se = 2 M, 


Using again the Schrédinger equations satisfied by f(r,) for r,>a and 
exp[?q-r,], and applying the theorem of Green, (8) becomes 


he 2 
OL SE RU | dQ, 


Now, we define the average potential <V> to be 


o] 0 


(0, 3 A ad lo 
ia PIT ra] — exp |ig-ra| ap f 


far.jag 47 Ving 4: exp [ig ra] 
{10) VS = > ELU En 
far, exp [iq rilf 
0 


With this <V> we can rewrite (6) using the Schrédinger equation as 


CBE 1) far, exp [ig *ralf, 


a 


TS he 


(11) Le = UA + h2(q2 + #5)/2M, 2M, 


thus we have 
re 


<V> + f(g? + x)/2M, 


(12) Leen = 


I Butler + 


It is clear that when q? tends to — xè, Z,,,, tends to Zi: Thus at the pole 
the Born and Butler reaction amplitudes take same value of the residue. 


3. — The basic physical idea in the Butler theory is that since the wave 
function of the deuteron has a rather large spacial extension there is a great 
probability that the proton in the incident deuteron passes outside the target 
nucleus while the neutron comes into the target nucleus to be captured, though 
in the actual derivation of the Butler formula the initial and final wave func- 
tions of the proton are taken to be plane waves of infinite extension. Ac- 
cording to this basic idea, Bowcock (*) has proposed a method of analysis 


(?) For the modification of the Butler formula by the condition that in a simple 
stripping (d, p) reaction the proton must be outside the nucleus, and the comparison 
of the modified formula with experiments, see T. Honpa and M. NAGASAKI: Proc. Phys. 
Soc. (London), 74 A, 517 (1959). 
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of deuteron stripping reactions. In Bowcock’s method, the experimental and 
the Butler reaction amplitudes normalized to the experimental one at the 
peak are expanded in terms of the outgoing proton orbital angular momenta. 
Since protons with small values of the orbital angular momentum, /,, come 
into the range of the nuclear interaction, the expansion coefficients of the 
experimental reaction amplitude for small values of J, are in general dif- 
ferent from those of the Butler reaction amplitude. For large values of L,, 
however, we can expect that the ratio of the coefficients of the expansion of 
the experimental reaction amplitude to the corresponding ones of the Butler 
amplitude is constant beyond some minimum value of /,, because protons 
with sufficiently large value of J, pass outside the nucleus. If this constant 
ratio is n, we must multiply by n? the value of the reduced width obtained 
by the normalization method in order to get its true value. MCELLISTREM (*) 
has applied Bowcock’s method to the C1*(d, p)C!* (3.086 MeV state) at the 
incident deuteron energy of 2.889 MeV, and found that for /,>4 the two sets 
of the expansion coefficients have a constant ratio n =1/1.38. 

The value of the reduced width obtained by the normalization method 
must thus be divided by (1.38)?=1.9. 

In order to compare the method of extrapolation with the method of 
Bowcock we have applied the method of extrapolation to this case (°). The 
extrapolation length in this case is somewhat large and the pole is at 
cos 6,=1.38, where 0, is the center-of-mass angle of the outgoing proton. 
The extrapolation gives the value of the reduced width 2.4 times smaller than 
the one obtained by the normalization method. One sees that the extra- 

polation method and Bowcock’s method give values of the reduced width 
consistent with each other, as is expected. 

Since for così = 1 Legendre polynomials with large value of 1, dominate, 
near the pole, terms of high /, value in the expansion of the reaction amplitude 
contribute more than those of small 1, value, and one may expect that the 
extrapolation of the terms with Z,>4 in the expansion of the reaction ampli- 
tudes gives the same value of the reduced width as the one deduced from the 
extrapolation of the angular distribution. In fact, we have extrapolated the 
experimental and the Butler theoretical reaction amplitudes with l,>4 given by 
MCcELLISTREM (°) for the case treated above, and found that the value of the 
reduced width so obtained is only 1.3 times smaller than the one obtained 
by the extrapolation of the angular distribution. 

It is interesting to note that this situation in the deuteron stripping reaction 
has some resemblance to the case of the two-nucleon potential. According to 


(8) M. T. McELLISTREM: Phys. Rev., 111, 596 (1958). 
(9) M. NAGASAKI: XLVI Congresso Nazionale di Fisica (Napoli, 1960). 
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TAKETANI (1°), the one-pion exchange potential, that is the two-nucleon po- 
tential due to the Born approximation (with renormalized coupling constant), 
can represent the interaction between two nucleons only for their mutual 
separation greater than the Compton wave length of the pion. Im the recent 
dispersion-theoretical approach (11), this is expressed as the nearest pole in the 
unphysical region of the momentum transfer. Recently, FURUICHI and MA- 
CHIDA (1?) have applied the concept of the impact parameter to the dispersion- 
theoretical approach in order to bring the methodology due to TAKETANI into 
the dispersion-theoretical approach. 

In our case, the virtual momentum (divided by #) of the proton in the 
incident deuteron is of the order of, or less than 3k,+ « which takes the value 
0.90-101!3 cm in the case of C'?(d, p)C%* treated above. If we take 
4.7-10715 cm for a as is done in ref. (8) we have (3k,+ a)a = 4.2. We can 
thus expect that protons with orbital angular momentum less than or nearly 
equal to 4 come into or near to the nuclear surface and are scattered by the 
nucleus, while protons with orbital angular momentum greater than 4 are not 
scattered by the nucleus, in good accordance with the minimum value of 1, 
in the analysis of the reaction with Bowcock’s method beyond which the ratio 
of the coefficients of the expansion of the experimental reaction amplitude to 
the corresponding ones of the Butler amplitude is found to be constant. 


The author would like to thank Prof. E. R. CATANTELLO for the kind hospi- 
tality offered to him during his stay at the Istituto di Fisica Teorica dell’Uni- 
versità di Napoli and at the Sottosezione dell’I.N.F.N. di Napoli. 


(10) M. TAKETANI, S. NAKAMURA and M. SASAKI: Prog. Theor. Phys., 6, 581 (1951). 
See also Prog. Theor. Phys. Suppl., No. 3, (1956). 

(11) S. FuruIcHI and S. MacHIDA: Nuovo Cimento, 19, 396 (1961). 

(12) See for example, G. F. CHew: Ann. Rev. Nucl. Sci., 9, 29 (1959). 


RIASSUNTO 


È stata verificata la equivalenza dell’approssimazione di Butler e quella di Born 
per la reazione di stripping del deuterio nel metodo di continuazione di determinare 
la larghezza ridotta del nucleone catturato, ed è stata discussa la relazione fra il metodo 
di continuazione e quello di Bowcok. Il paragone numerico è dato per il caso parti- 
colare di C!2(d, p) C#* (lo stato di 3.09 MeV) ad H,=2.89 MeV. 
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Local Fields with Terminating Expansions (*). 


K. BARDAKCI and E. C. G. SUDARSHAN 


Department of Physics and Astronomy, University of Rochester - Rochester, N. re 


(ricevuto il 6 Giugno 1961) 


Summary. — The class of field theories in which the current admits of 
a terminating expansion in a free field is studied. It is shown that, if 
one imposes the condition of locality, the current in question reduces 
to a local polynomial and the resulting field has the trivial S-matrix unity. 


1. — One of the challenging problems in the quantum theory of fields is to 
construct explicitly a local Lorentz invariant model field theory which has 
an asymptotic particle interpretation and gives rise to an S-matrix different 
from unity. Such a model, if it existed, would definitely prove that it is pos- 
sible to have an interacting dynamical system within the framework of the 
axiomatic theory. Unfortunately, all the known examples of consistent field 
theories so far have the trivial S-matrix S=1. The examples known to date 
fall into two groups. The first one is the so called generalized Wightman poly- 
nomial (1), 


(1) p(x) = > a :p' (x): , 


i=1 


where g is a free field and the double dot denotes the normal product (?); the 


() Supported by the U.S. Atomie Energy Commission. 

(7) A. S. WIGHTMAN: Problèmes matématiques de la théorie quantique des champs, 
University of Paris lecture notes (1957-58; unpublished) 

() G. C. Wick: Phys. Rev., 80, 268 (1950). 
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second known example is the generalized free field (*4), 


[co] 


(2) A(x) = fa ou P(x, a). 


0 


Here u denotes the mass of the free field g in question, and o is an appropriate 
non-negative measure. 

It can be shown for both models that S=1 identically. A way to see 
this easily is to notice that both y(x) and A(x) are symmetrical with respect 
to past and future, and the asymptotic limits for both t ++ co and t >— co 
coincide with (x). 

All attempts to generalize these two models so as to include interaction have 
thus far failed. A suggestion of Wightman’s was to take (1) as a current and 
obtain a local solution of the equation: 


(3) (CG? + y) Baa) = Ya,:g@):= JI), 


B(x) can be expected to have a non-trivial S-matrix in general. WIGHTMAN (°) 
has, however, shown that, in the case the current has the specific form J(x#) = 
=g:9>(x):, the resulting B(x) is not local. In the case of the more general 
J(x) given by (1), ARAKI, HAAG and SCHROER (*) have proved that if J(x) 
is complete, the resulting S-matrix is identically equal to unity. Here a com- 
plete field is defined by the property that the only operators that commute 
with arbitrary polynomials in the field in question are scalar multiples of the 
unit operator. If J(x) is incomplete, the same authors have shown that the 
two-particle scattering amplitude must vanish, again emphasizing the diffi- 
culties of constructing a field with a non-trivial S-matrix. 

It is the purpose of this paper to extend and partially generalize the above 
mentioned results, also with mainly negative conclusions. In what follows, 
we will restrict ourselves exclusively to the case where J(x) is complete, as the 
case of incomplete J is treated in detail in the paper of reference (*) and is 
disposed of as being unphysical. We will take as our model a field whose 


(3) O. W. GREENBERG: Bull. Am. Phys. Soc., 6, 306 (1961), Washington Meeting. 

(4) G. F. DELL ANTONIO: On the support of a field in p-space, Northwestern Univer- 
sity preprint. We are indebted to Dr. DeLL’ANTONIO for a discussion on these points. 

(5) A. S. WicHTMAN and S. T. Epstein: Ann. Phys., 11, 201 (1960). 

(8) H. ARAKI, R. Haag and B. SCHROER: Nuovo Cimento, 19, 90 (1961). 
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current admits of the following expansion: 


N 
(4) (= D fa Ade sake ded 
y= K 


K=2 ntm= 
«dpi — pu?) ... (G2, — 42) 0(p4) «+» O(Im) exp [ét (ps + + + Pa — la — Im) | 
“F(a ++ Yin Pi + Pn) @* (Gr) ++. © (Ym) A(P1) +++ A(Pn) « 


Here the particle operators are defined in terms of the free field q(x) in the 
usual manner: 


(27c)* a(p) O( po) è(p>— u?) = fas exp[—ip:x]q(x). 


and similarly for a*. The quantities f(qi ... Qm|p:1… Pn) are Lorentz invariant 
functions of the vectors in question and also are symmetric in q%,,,q, and 
Pi. Ph separately. They are further assumed to be sufficiently smooth and 
continuous and to be bounded by a polynomial at infinity. Apart from these 
restrictions, they can be arbitrary. It is to be noted that any field for which 
one of the asymptotic fields is complete admits of a similar expansion (7) in 
terms of that asymptotic field, with the important difference that the expan- 
sion is not in general required to terminate at a finite order. Furthermore, 
here we do not necessarily identify the free field g(x) with any of the asymptotic 
fields. 

At this point it is convenient to define the set of fields, which we denote 
by D(x), by the following conditions: 


a) D(x) admits a finite expansion of the form given by (4). 7 
b) The functions f(q,... Qm|P1-- Pn) appearing in this expansion are finite 
(5) polynomials in the scalar products of the argument vectors. 
c) These functions further satisfy 
NTM fdr. Qm| Pr ve Pn) = (W—1)! (m+ 1)! f(Qr --. Qm(— Pr) | Pa + Pa) - 


It is easy to see that when the fs are all constants, D(æ) reduces to the 


Wightman polynomial given by (1). In the general case, D(a) is a local poly- 
nomial constructed not only out of the free field g(æ) but also the space deri- 
vatives thereof; and is therefore a straightforward extension of (1). 


All the results proved in reference (9) carry over without any difficulty to | 


the case where the current is given by this slightly more general form. 


(7) R. Haag: Kgl. Danske Vid. Selskab, 29, 12 (1955). 
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2. — The main content of this paper will be the proof of the following 
result: If a local covariant field H(x) has a complete current given by (4), the 
S-matrix associated with this field is identically equal to unity. The essential 
point of the proof consists in showing that a local J(x) given by (4) must ne- 
cessarily reduce to the local polynomial D(x) defined above. Since J(æ) is 
then local relative to the free field g(x) and H(x) is local with respect to 
J(x), if J(x) is assumed to be complete, it will follow that H(x) has the trivial 
S-matrix unity by the use of Borchers theorem (8), exactly as in reference (5). 

We now proceed to prove the main lemma: If J(x) is given by (4) and 
if [J(2),J(y)]}=0 for (e—y)?<0, then J(x) must necessarily reduce to the 
local polynomial defined in (5). To this end, we need the following auxiliary 
result. Let y(x) be a local covariant field and define 


(6) bito: P ae). FO) = | arr exp [7a-r] 0117 (0), J(@) || P> 


Here Q stands for the many particle state Q = (4, …, dm) and P= (pi, …, Dn) 
with a-P denoting the family of variables a-p,,..., ap, and likewise for x-Q. 
r and ¢ represent the space and time components of x in a fixed frame of 
reference, and @ is a three dimensional vector in the same frame. The par- 
ticular dependence of 7 on a is required by ordinary rotation invariance. Now 
if T is given by this expression and exists for real a, it must be an entire func- 
tion of the vector a in the complex plane, and further the set of functions 
oT /ct” must reduce to polynomials in «, a-P and a:Q for t=0. 

To prove the first part of the statement, we observe that since w is a 
local field, the domain of integration over r is restricted by the inequality 
|r|<|t|, hence a can be continued to any arbitrary complex vector for fixed £. 
The second statement follows from the fact that for t=0, the integrand has 
support only at r —0, and therefore reduces to the superposition of a 6-func- 
tion and finite order derivatives thereof. 

Let us now take J(x) given by (6) for the local field in question, and also 
take Q=0, P=(Pp1, ..-) Poy—»), Where the particle states are defined in terms 
of the particle operators of g(x). This is easily seen to be the highest non- 
vanishing matrix element. Evaluating the expression in question explicitly 
in terms of the expansion functions f, we get 


(7) EAD 06, OL Puy ont Ae Pr bre tr) — 
Cw 


= DI exp [it(> PwtX wm) | Ho | Pm) A o Po) + 
DA () 
oO! 5 \ 1 1 
o exp [it(> Po —X wo) | IX PM) (4 | Po): 
©) 


(8) H. J. BorcHERS: Nuovo Cimento, 15, 784 (1960). 


47 - Il Nuovo Cimento. 
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Here L=2(N—1) and the complexion (L) stands for the set of indices 

(1, 2, …, L), (U) is a proper subset of (L) and (V) is the complement of (U) 

with respect to (L). The notation Y indicates that the summation is to be 
(7) 

carried over all such subsets (U), and Y P?,, denotes the sum of all ps with 


indices belonging to (U). The four-vectors denoted by .# are defined by the 
equation : 


ARA IAC 


@ Om 


je ; CAINE RATTI HAN ET Lr 


(3) 
-Xntad+YPn=90; Kg = on 


The 0°s are simple numerical constants which are irrelevant for our pur- 
poses. ; 

The first point to observe about this equation is that from the assumed 
existence and proper behaviour of the f-function, it follows that 7 and all 
the derivatives of 7 with respect to time exist. The second point is that 
there is no integration left on the right side of (7); therefore, if we consider 
this equation together with all the other equations obtained by differentiating 
both sides with respect to time, they form a linear set of equations for the 
particular combinations of f-functions appearing in terms of 7. Now con- 
sider the set of equations: 


GT Cw ., 
(SB) = Zax (Sot) 


(7) tn 


0! ai S 
Ho | Pan) Pan) + Sur P (> Phy = Kan) PE ey Poe ee 


Ko 


If fs are considered as the unknown quantities, the determinant of the above 
set of linear equations clearly does not vanish identically, and therefore one 
> x i Di a] a + NI i 
can solve them in terms of (0*7°/0#)_,. Using the fact that (027/02), is 
a polynomial in «?, a-p,,..., a:p,, we easily get 


(10) Len Poy) À AMIS à) = toc A Pi, ees A Pps Pi, Px) p 


Here F is a rational function of the first set of variables separated by a semi- 
colon from the rest, and (U) is supposed to run over all possible configuration 
of indices. We now want to prove that R is actually a polynomial in the 
indicated variables. To this end, we rewrite eq. (7) in a slightly different form: 


(11) T = > exp [it> Pw | COLA Lo au mae i 


(7) 


(O)S 
Fi ‘) 
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~! 
bo 
4 


where 


Po = oe [Cot Ho | Pn) Ham Pen) + Cf Ho Po) f(H@|Pw)] 
ZARA) 


Because of their definition, F°s also are rational functions in the variables 
a, api; cr Py, Xp. It is also easy to verify that F and 7" are even 
functions of #%, and therefore the square root that arises from the definition 
of #%, must disappear. Hence, we can conclude that F and F' are rational 
functions of the quantities a, api, ..., &*p,: Now, take one of the com- 
ponents of a, say x, and decompose F and F’ in partial fractions with res- 
pect to «,. | 


fie. 

= Fn = > CA Pw; 
(12) pi 
(a) 


Fo) = 2: : n Po © 


Here E°s and y’s do not depend on «,, and P’s are polynomials in further, 
all y’s are required to be distinct. We will now prove that all E°s must 
vanish, leaving only the polynomial. To see this, we use the fact that 7 is 
an entire function of a, and therefore in the final sum the numerators must 
combine so as to cancel the denominators. Using the fact that y’s are distinct, 
this leads to a condition of the following form: 


sin HA? Py, 
(13) > exp [ it DI Po | cos {tt} Bin + edo Em|=0 


(7) (D) 


for a,=Y:; for all è. 

The X°s are in general distinct since p’s are arbitrary. It is easy to see 
that such an equation cannot be satisfied for arbitrary p’s and arbitrary ¢ 
unless all £°s vanish, proving our original assertion. The same argument can 
be applied to the other components of a, with the conclusion that F and F" 
are polynomials in a; or equivalently, in the variables «?, a-p,,..., d‘p,. 

Solving for the fs in terms of F’s, we get 


(14) CAS | Pot (XP 


EC), 


= DEA CAC Piste: Pisi Piz D) + A ace Opi; 5015 Da): 


w) “i 


where Q’s are polynomials in the first set of variables. 
We now take all the vectors P; with 7 belonging to set (V) to lie completely 
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along the time axis. For this particular configuration of P,,, {(Xw|Pw 
is only function of ./%,, from Lorentz invariance, and we denote it by 1/ AL 
We also switch our independent variable from a to %,), clearly without 
changing the polynomial character of Qs, and also drop the index (U), with 


the result 
(15) {|XPw) ASA Egg Pa) A°8(A*,X Po Pol» 


where S, and S, are polynomials in #2 and X -P,,. Since f(| XP.) is a sym- 
metric function of 7 and of each of the P’s that constitute the set P.,), it 
follows that the right hand side of (15) is not only a polynomial in the variables 
XP. but also in the variables of the form p;-p,. At this point, we invoke 
the Lorentz invariance of f, which requires it to be only a function of the 
covariant scalar products #°-P,,, p;-p,, ete. This, combined with the pre- 
vious statement about the polynomial dependence of f on the three-dimen- 
sional scalar products, establishes the result that f is a polynomial in the four- 
dimensional scalar product “-p;, p;:p,, ete. 

The same method can be applied to mixed elements by first taking 
Q = (pi), P = (Pe) +) Pxy-p) and continuing in the same fashion. One can then 
easily establish the result that f(p,,..., p.|p.1,,…, Py) is a polynomial in the 
variables p;-p, and also verify the crossing relations given in (5c). We have, 
therefore, proved that the term of the highest order in the expansion (5) must 
be a local polynomial in g(x), if J(æ) is a local current. 

The rest of the proof proceeds by induction. We can now decompose the 
current as follows: 


(16) Ja) = J,_,(€) + P,(a) , 


where P,(#) is the local polynomial containing up to N particle operators, and 

Le È w + . T + | 
Jy (v) has an expansion that ends up with N—1 particle operators. We. 
can now consider à matrix element of the commutator between vacuum and 


a state containing L—2—2N— 4 particles, with the result, | 


UT D... Dea) = [arr exp [ta-r]<0|[J(0), J(%)]| Pas ses Pza) = | 


= | d*r exp [ta-r] <0 | [J y-1(0), J y4(a)] Mises Dre nee 


[avr exp [ta:r]<0][P(0), Py(@)) pi, Sor 0. 


The last term on the right hand side satisfies the same analyticity properties | 
that T satisfies, namely, it is an entire function in a and its derivatives with 
respect to ¢ reduce to polynomials in a at t=0. These statements can easily 
be verified using the well-known properties of the local polynomial. Hence. 

| 


il 
| 
j 


| 
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considering the expression 


IONE) - ar CRO CO LE OLE PIE 
instead of 7, our previous argument can be applied to J,_;(#) unchanged, with 
identical conclusions. It is now clear that this induction process continued 
leads to the result that J(x) must be a local polynomial in g(x). Therefore- 
our main lemma is proved and the result stated at the beginning of this paper 
is established. 


3. — The result we have just proved strengthens the negative conclusions 
of reference (5). It shows that in order to get an interaction, the current J(x) 
is not allowed to have a terminating expansion in terms of a free field. This 
result is also a natural extension of the theorem that if the S-matrix is dif- 
ferent from unity, the outgoing field cannot admit of a terminating expansion 
in terms of the incoming asymptotic field (*). The absence of a finite con- 
nection between a free field and an interacting field tends to confirm the belief 
that perhaps in local quantum field theories with particle interpretation the 
requirement of the existence of scattering forces the physical states to be such 
that it is not possible to identify them with a linear space spanned by « free » 
particle states. This also appears plausible from recent developments in quan- 
tum field theory using an indefinite metric, and a definite answer either in the 
positive or in the negative would be very desirable. 


* OK OK 


We wish to thank Prof. I. BIALYNICKI-BIRULA for a critical reading of the 
manuscript and for discussions; we also wish to thank Dr. G. F. DELL’ AN- 
TONIO, Dr. O. W. GREENBERG and Dr. FRANCIS TROYON for discussions of 
various topics related to the subject of this paper. 


(9) O. W. GREENBERG: private communication. We are indebted to Dr. GREENBERG 
for a discussion of this topic. 


RIASSUNTO) 


Studiamo la classe di teorie di campo in cui la corrente ammette in un campo 
libero uno sviluppo dotato di limite finito. Mostriamo che, se si impone la condizione 
di localizzazione, la corrente in questione si riduce ad un polinomio locale ed il campo 
risultante ha la banale unità della matrice S. 


(*) Traduzione a cura della Redazione. 
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Sull’uso degli operatori di proiezione 
per ottenere gli elementi di matrice per particelle di spin 7 


E. BELLOMO 


Istituto di Fisica Teorica dell Universita - Genova 


(ricevuto il 6 Giugno 1961) 


Riassunto. — Allo scopo di dare delle formule per il calcolo immediato 
in forma relativistica degli elementi di matrice fra stati di particelle 
libere di spin 3, si ricorre all’uso degli operatori di proiezione. Si otten- 
gono esplicitamente delle espressioni che permettono di calcolare lele- 
mento di matrice di un qualsiasi operatore a meno di una fase. 


Introduzione. 
Per calcolare l’elemento di matrice 
UOU, 


di un operatore O tra gli stati iniziale e finale di una particella a spin + libera, 
rappresentati dagli spinori a quattro componenti u, e ,, lo considereremo 
come una traccia 


tr (Ou, Up) 


e verrà mostrato che la matrice a quattro righe e quattro colonne w,%. può 
essere scritta nella forma 


TA] 
[e,€, tr (P,P,)l 


P, è P, essendo gli operatori di proiezione (') per gli stati w, e «, rispettiva- 


i (*) Per il metodo degli operatori di proiezione vedasi anche F. I. FEDOROv: Zurn. 
Eksp. Teor. Fiz., 30, 493 (1958). 
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mente ed e, e a, assumendo i valori +1 0 —1 secondo il segno dell’energia 
corrispondente ai due stati. gx è zero se vu, ed uw, coincidono. 


Eseguendo i quadrati di elementi di matrice il fattore di fase scompare 
a causa della identità 


exp [Qu + Qu)] = 2162 - 
Si ottiene allora il risultato ordinario, in quanto 


ie (Ui (UE IP) ane (ANE TEL) 
aAWyull i Hi ¢,¢, tr (R'P,YP,) , 
Gesu ees) Sata WEA #0 P) 


a causa dell’identità 


1. — Notazioni e forma esplicita degli operatori di proiezione. 

Le notazioni adoperate sono le correnti (?), salvo l’uso dei simboli g, per 
il quadrivettore normalizzato di energia e quantità di moto (4 <0) e Z, per 
il quadrivettore di spin. 

Per lo stato u, si ha così 
(2 (eft, GOL QE 
e l’equazione di Dirac si scrive 


(2) (Q,y” —I)u,= 0. 


L’operatore di proiezione P, è 


ee ye Ce A yV Ve ce VV Vs) 


e P?=P,. I due fattori in P, commutano. Nella somma ¢,¥%,y"y’y, deve in- 
. . 1 
tendersi, come regola generale (vedi Appendice), w+». 
Un’espressione analoga vale per P.. 


(2) Si veda ad es. il libro: S. S. SCHwEBER, H. A. BETHE e F. DE HOFFMANN: Mesons 
and Fields (Evanston, 1955). La metrica usata è g°° git g? Gea Ga 
abbiamo v"y"+y"y"= 9291, Vu Gua) e 0 ltt 0 — alt, 


a 
a 
mi 


TOR E. BELLOMO 


L DL RS 


(4) | ; 
[a= 4-4 Lega 
1 2 


Indicando i quadrivettori con semplici lettere e i prodotti scalari con pa- 
rentesi tonde, le condizioni (1) diventano 


(SS) + (DD) = — 4, (ss) + (dd) = 4, 
R 
di (sS) = — (aD), (sD) = — (dS), (sd) ={SDY=0G 


2. — Espressione della matrice u,w, tramite gli operatori di proiezione P, e P.. 


La matrice a quattro righe e quattro colonne 
A= Uy (tg = 0.57"); 
è caratterizzata (?) a meno di un fattore numerico dalle condizioni 


Eye! = Ayo À 
(6) , 
APP = Ay, 
(è comunque yy = 1). 
Ma ogni matrice (DIL. soddisfà queste condizioni e così dobbiamo avere 


(7) SERIES a gg 


dove il numero complesso A}* potrebbe essere anche zero. 
Risulta pure, tenendo conto che 


(8). (; Lera 
l'identità 


MARIE 

(9) PY BPS == È = na) Pepe 
tr (P, Ps) 

3 NT Q oy 4s! NL ovar n LOT : : . . a È 

(?) Si possono sempre trovare quattro stati ortogonali u,, di cui uno coincidente 

. . Mm . . 6 D . > 

con w,, ed altri quattro stati w,, pure ortogonali, di cui uno coincida con u,. Con questi 
stati Si possono costruire sedici matrici linearmente indipendenti a quattro righe e 


= È 
quattro colonne wy; yp" ‘tutte soddisfacenti Videntiti P 


TEZIi n 
i 1uxu;y*PÎ—0 ad eccezione 
di uty". À 
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Il modulo di K}° è ottenibile dalla condizione di normalizzazione. Sceglie- 


remo B=y° e scriveremo K1? per Kt}. 
Si ha allora 


(10) E ee CE PET 
e la condizione di normalizzazione dà 


CPP Po Py) = Kb? tr (ut una) = KEK, 3, . 


tr (P,P; P,P) = tr (P, P,) = Kau, = Kw 

e dunque 
(11) DIMETTE, e Mili, = ICE ES, 

Supponendo ()?)2—- 9% — 1.81 hal5?*—= 4° 6 
(12) TANCK 
Questo porta a K!?=(K®1)* ed a 
(13) tr) (uu)(eu) ME re T0? 
Possiamo percid assumere 
(14) Ki? = [tr (P, P.)ae a exp [— 10. 
e, se u,= Us, Po è Zero grazie al fattore e, (usando & si avrebbe avuto un 


diverso significato di @;3). 
Per la (12) è anche 


(15) exp [2(Pi2 + Pu)] = ere - 
Bose tr (P,P.) 70, quindi 
Pees EXD ors | 


ne) ART To (PP)aeh | 
e 

tr (OP, P,)e, exp [io 
(17) uu, = iti 15)E1 EXT lipio] 


[tr'(P, P.)e1e,]} 
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P,P, si può scrivere 


(13) PP, = re {HAITI HA, FIR Ue ey oe 


+H0,+ LE yy, + AT + 1G)y5} « 


Nel calcolo della traccia tr (0P,P,) interviene solo quella parte di P,P, che 
ha lo stesso carattere tensoriale di O. Si hanno i seguenti risultati 


O = RI tr (0P,P.)= zk] 
“Roe = ie(4,+ BE 
(19) =R,y"v = — 16(U,,+ iV,,)(R# — R'") 
= R,y"ys = 16(0,+iE,)R" 
= Ry, =—r(F+iG)R. 


I coefficienti valgono 


[.Y] = — (88)(88) + (s8)?— (sD)? 


Al — 2 (88) see 2(88)S, — 2(sD)D, 

BY = — 28, d,8,,6°F 

U,,= (SS}s,d,+ (ss)S,D, + (sS)[—s,D, + d,S,] + (Ds) [s,8, — d,D,] 
(20) MAE Ge ee 

Ce =— 28, 8, D. e"P7# 

E, = 2(58)S, — 2(sS)s, — 2(8D)d, 

F =— s,d8_,D,6°?” geo 49, dg L, Li gore = — 416 

G =—A(sD). 


P,P può ottenenrsi da P,P, cambiando d in — d e D in — D. Si noti 
oe i P,P, rispetto al complesso coniugato di P,P, cambiano i segni dei ter- 
mini tensoriali e pseudovettoriali. Infatti l'identità (u, R'u) = (U, Ru), con 
R'=y°R'y, può essere scritta tr (R’ P i beta 

| 7 Do p ssere aie} tr (R'P,P,) = tr (RP,P,)*, ed il cambio di segno 
osservato è compensato dall’inversione dell’ordine dei STABIA aH de 
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Come funzioni dei q e degli £ i coefficienti precedenti si scrivono 


12 Te 2 

A= 4G, 77S 4+ 602) L + MILL, 

Bie BAIE) 

U,,= 4,4 A(LLIAL,L+ MA DIL + 4G 24, 
(21) MZ Le) oe 

ce 4(q.+ IL €, 0" 

BE, = 42,7 JI. qq, — 442, 

Ft 

G = 497) 402) 


Da notare anche la seguente proprietà del fattore di fase exp [gl] 


tr [(U, Us) (Us Ug) (Ug M1) |] = €1€283 = 


r (P,P,P3) exp li (Pro = Past Pa) 
[e,e, tr (P,P.)]}[eseg tr (P,P.)}}[ese, tr (P3P,)}}" 


ECS 


i [tr (P,P,Ps)]* 
[e,€, tr (P,P,)llees tr (P,P. 3) |2 lese, tr (P,P, )}*’ 


(22) EXP [4(Pi2z + Pos + Pa1)] = 


che generalizza la (15). 


3. — Alcune osservazioni. 
Consideriamo P,QP,. Poichè 


dp +L Guy +1 aye tt 
(23) Qi. = Q 2] ——"., 


D) 5) 9 


si può eseguire la sostituzione 


d da se 
(24) O Loi ciot () > (day) ; 
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Similmente Q può essere sostituito da 
(25) QL v's)» (Qu 05 

Questo implica in particolare 


FOSC cl AC ae EP gue 


(27) yh OT, 4,70, Sy, 


Si ottiene pure 


iL, v"70)0 - 


L yt > — y, 


Dl 


eZ) 


2 4 


D,y" > — 2iys. 


sd, yey” > (dd)I SS, yy > — (sD) 


(28) 8, Dy"y" acs (sS)I d,$, A ie (sS)I 
d, D, y" a (sD)I+ 4iy; Sri = (DD)I - 


COMI 


de ita i Ws 9 


D}, a ZII 


Ora, se s, d, S, D sono differenti da zero e linearmente indipendenti, ogni 
operatore può essere espresso tramite i precedenti operatori, così che si può 


scrivere 


(30) tr (QP, P.) = a tr (P, Py) + b tr (Pays Pi) , 


con a e b esprimibili in termini dei vettori duali 


definiti dalle proprietà, ad esempio per F, 
(31) (Fd)=(FS)=(FD)=0, (Fs)=1. 
Dunque 
(32) pu _ lap Det 
: 416 
Per Videntita 
CE) RI, LARA 
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ad esempio, si ottiene, se Q —Q,y" 


(34) Q,= (FQ)s, + (FO), + (FO)S, + (FO)D, 
e 
(35) tr (QP, P,) =2tr(P,P,)(FQ) — 21 tr (Py; P.)(FQ). 


In generale P,P, se espresso tramite i vettori F assume la forma 


A, +1B, =— 27] F, + 2[4(sD) — 46] F, 
as ot WV, = (71%, + A[46D)— 40] BF, 
 $iE, = 12(S)F,—2[4(sD) —4i6] F} 
F +iG =—i[4(sD) — 46] 
con 
(37) (X,,) = @@F,F, + (48)E,E + (gD) EF, + 
+ DI (5), 4, + DEF, 


Si ha pure 


(38) PyysP,= P,P,(— I —L)Ys , 
e quindi 
(39) tr (P.ysP.) = ize[4(sD) — dié]. 


L'espressione completa di P,y;P, è 


(40) PoysP.=> re {H(F —iG@)I + H(A, —1B)y*+ H-U,,4 Wy’ + 
+4(—C,, + iB, ys + HDI}, 
dove i coefficienti si ottengono dai seguenti coefficienti di Pyy;P, 
F +iG =— i[4(sD) + i46] 
A" + iBY = — 24,8 D,e'## + i[—2(sD)s" — 2(dd) DY — 2(s8)d"] = 
=  i{+2[2]F"— 2[4(sD) + 46]F"} 
Ow’ Liv = 4[(DD)d,s,+ (dd)D,S, — (s8)(s,.D; — d,8;) + 


+ (sD)(s,8, — a, Def — ad" D" = 
== ${— [F]( Y.,) at [4(sD) + 46] Fe He 


(41) 


On + if = — 2(DD)d“ — 2(s8)D* + 2(sD)S" + i98,4, D ef" — 
— +2[2] F* 2[4(sD) + 46] F4 
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con. 
(42) (Yaa) a (88) 2, Bg t (DE Fat (38) 4046 1 
‘ig (4D)F, DB nu (dS) sag Bp st (SS), rye = 
L’identita 
tr (Ps P.) 


può essere facilmente controllata. 


APPENDICE 


Riportiamo qui le regole per l’esecuzione dei prodotti ed altre identità 
usate nel testo. 

Si fa la convenzione che nei prodotti contenenti due o più y la somma sugli 
indici sia eseguita con la condizione che essi siano in ogni addendo diversi 
tra di loro. 

Regole per i prodotti di: 
due vettori 


(Pup) (PQ) PO yey, 
(Q,74)(P,y") = (PQ) — PQ, 


un vettore ed uno pseudovettore 
(Pave )(S,y'vs) =  (PS)ys + PS yy y'ys 5 
(Suv'ys)(Poy”) ie (PS)Y; HE PuSyy"Y"Vs , 
due pseudovettori 
(R, ye Vs)(Syp" Ys) = (RS) ain Eu Sy! Me 4 
CSS yl V5) ( yy ys) = (RS) x È, Spy , 
un vettore ed un tensore 
(dv) — [ po (HSE ye = pa MER + Pa ER | Vs} 4 
CHERE) CE UE) == [— Be Le Si Ee WLR yh oP ee MEN ig peli V5} DI 


uno pseudovettore ed un tensore 


(Su7*%s)(Lroy’y% ys!) = ST, yy ST apt + II AE 


Lo 7475) (8uptvs) = [— S* Dany! + SET pu + Sy Py yy ys} 


5, 9 
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due tensori 


(Lav V%Y5})( Ona yy si) = [Tag UP — Tug UF + Dy Ug y y 9790 + 
sà (La 0e, UE She; Us mr De Us în VALE Oy n)y# Visit Ys: ? 
dove 
aa ee oe 
TE = 2; 


| 


evn — 0 se due indici sono uguali, 
= +1, 


e#© = +1 secondo la parità della permutazione (ura) , 


E0128 


Emo = — ECM 


Si ha pure 
Tuy"Vys= Tape Vu Vo y 
Z woY yyy? = Zog 8289 V5) 
Warn ES TPE 
e l’identità 


EIDnO Atx = ETNO A Lx + eumno A vx + ET ATX + ELVNT Ars ; 


dove l’asterisco indica un qualunque insieme di indici. 


SUMMARY 


To the purpose of writing down formulae for relativistic immediate computation 
of matrix elements between free states for a particle of spin 3, the use of projection 
operators is made. Expressions are obtained which allow to compute matrix elements 
of any operator up to a phase. 
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Emission of Fast Deuterons and Tritons 
from K -Mesons Captured at Rest in Nuclear Emulsion 
and a Search for the Hypernucleus (£ n). 


a) 


D. Evans (*), B. D. Jones, B. SANJEEVAIAH (*) and J. ZAKRZEWSKI ( 


H. H. Wills Physics Laboratory - Bristol 


M. J. BENISTON, V. A. Butt, D. H. Davis, W. B. Lasica and N. N. RAINA 
Physics Department, University College - London 


M. AMERIGHI, M. DI CORATO, A. FEDRIGHINI, A. SICHIROLLO and G. VEGNI 


Istituto di Scienze Fisiche dell’Università - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 6 Giugno 1961) 


Summary. — ‘The results of mass measurements on the fast baryons 
emitted in the capture at rest of 7600 K -mesons are described. The 
analysis has been restricted to those interactions from which neither 
charged x-mesons, nor slow X-hyperons (kinetic energy < 60 MeV), nor 
hyperfragments are emitted. As already reported in a previous work 
(see ref. (1)), a substantial number of deuterons and tritons is present 
among the fast baryons: the proportion of deuterons of kinetic energy 
exceeding 84 MeV is (11.14-2.5)%, that of tritons is (2.3+1.0)%. Fast 
deuterons and tritons of ranges greater than 1 em are emitted from at 
least (1--0.2)% of K-mesons interactions at rest in nuclear emulsion. 
Among the fast baryons a number of X-hyperons decaying in flight has 
been observed and measured: no (2 n) hypernucleus has been detected. 


(*) Now at CERN, Geneva. 
(*) On leave from the University of Mysore. 
(***) On leave from the University of Warsaw. 


3308 


FAST DEUTERON AND TRITON EMISSION FROM K MESON CAPTURES ETC. 741 


1. — Introduction. 


In the previous work (!) the emission of energetic deuterons and tritons 
from K-mesons captured at rest in nuclei of photographic emulsions was 
reported. Further investigation has substantiated the earlier results. The 
emission of nuclear fragments of high energies has thus been confirmed and 
it is reasonable to suppose that if a (Xn) hypernucleus exists it may be emitted 
with comparable energy. Measurements of ionization and of scattering have 
been made upon a sample of 36 tracks of fast hyperons in order to detect pos- 
sible examples of the hypernucleus (Zn). As the measurements required at 
least 5 mm of track, the time of flight involved (— 107 s) would preclude 
the possibility of detection of the hypernuclei if they were of very short life- 
time. No evidence has been found for the existence of a (Zn) hypernucleus 
in the present study. 


2. — Emission of fast deuterons and tritons. 


The emission of fast stable particles (p, d and t) has been investigated in 

a sample of 7600 
interactions of K - 
pe 120+ 
mesons at rest in 
nuclear emulsion (*). 


The analysis has 100 


been restricted to r ler 
interactions from 80- 10} 
IR BL 

60} el N 

Fig. 1. — Mass spec- i 4b _ 

trum obtained for the «ot ol x | 


protons, deuterons and 
tritons emitted from 
K -interactions at rest 20r 
in emulsion. The inset 
shows an enlargement er 
of the higher mass 05 1.0 fils 20 25 30 35 
end of the spectrum. Mass (units of proton mass) 


(1) B. D. Jones, B. SANJEEVAIAH, J. ZAKRZEWSKI, P. G. BiZZETTI, J. P. LAGNAUX, 
M. RENÉ, M. J. BENISTON, S. A. BROWN, E. H. $. BurHop, D. H. Davis, D. FERREIRA, 
E. Frora-Pessoa, W. B. LasicH, N. N. RAINA, M. C. AMERIGHI, A. BONETTI, M. DI 
Corato, GC. C. DirwortH, C. A. FEDRIGHINI, E. QUERCIGH, A. E. SICHIROLLO and 
G. VEGNI: Nuovo Cimento, 19, 1077 (1961). 

() This sample has been taken from that used in the previous work (!), and the 
scanning procedure is described there. All particle tracks having a blob density at 
the K star 30 blobs/100 um and with dip < 40° were followed to their end points. 


48 - Il Nuovo Cimento. 
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which a fast particle is emitted unaccompanied by à charged 7-meson or a 
slow Z-hyperon of kinetic energy less than 60 MeV. Stars in which 2 duo 
fragment was present were also excluded. The mass spectrum shown in Fig. 1 
is obtained by measuring ionization on 432 suitable tracks with dip angle 
<30° and range >1cm, protons, deuterons and tritons with energies ex- 


Deuteron energy (MeV) 


= 1 


Al 1 1 nn Li 4 
60 80 100 120 140 160 180 200 220 
Proton energy (MeV) 


Fig. 2. — Energy distributions observed for the emission from the K -interactions 
of (a) deuterons and (b) protons. 


ceeding 52 MeV, 71 MeV and 84 MeV respectively included. Thirty-four 
particles with measured masses between 1.5 and 2.5 proton masses, were 
classified as deuterons, and five other for which the measured masses lay be- 
tween 2.5 and 3.5 proton masses, as tritons. The energy spectrum for the 
deuterons is shown in Fig. 2a. For comparison the spectrum for high energy 
protons is shown in Fig. 26. The energies of the observed tritons were 90, 
100, 102, 113 and 123 MeV respectively. 
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Table I gives a summary of the data analysed and the relative abundance 
of p, d and t emissions as observed. 


TABLE I. — Relative abundance of p,d and t emitted with energy greater than 84 MeV, 
from K -interactions at rest in emulsion (*). 


Total number of K--interactions examined: 7 600 


Total number of K stars in sample for which a baryon of angle of 
dip < 30° and range > 1 em is emitted without accompanying 7 meson, 


hyperfragment or slow 2 hyperon (60 MeV) 432 
Number of protons (**) of energy > 84 MeV in sample 180 
Number of deuterons of energy > 84 MeV in sample 23 
Number of tritons of energy > 84 MeV in sample | 5 


(*) A triton of energy 84 MeV has a range in emulsion of 1 em. 
(**) 76 particles leaving stack are not included. 


3. — Search for the (Xn) hypernucleus. 


From the above it is seen that energetic particles of mass two or three 
times that of the proton may be emitted from K~-meson absorptions at rest 
in complex nuclei. If the (Xn) hypernuclei can be formed it is reasonable 
to expect that they may be emitted with similar energies. The search for the 
(Zn) hypernucleus was conducted by examining fast X-hyperon tracks for 
evidence of anomalous mass values. 33 events were investigated in which a 
particle decayed in flight to a r-meson, and 3 events where a capture star 
was formed. In each case the energy of emission of the primary particle 
(estimated assuming the primary to be a X-hyperon) was not less than 
60 MeV. 

Two methods were used to estimate the mass: 


a) Ionization vs. range — employed where a sufficient length of track 
was available (1 cm or more, 22 tracks out of 36). 


b) Scattering and ionization — where the particle trajectory was suitably 
flat, i.e. dip angle < 20° and of length greater than 5 mm (26 tracks. 
out of 36, of which 14 had length <1 em. The other 12 tracks were 
measured by both methods, as indicated in Figs. 3 and 4). 


No evidence for an anomalously high mass value was obtained from the 
sample. The results of the individual mass determinations by the two methods 
are shown in Figs. 3 and 4. Fig. 3 shows the masses obtained from a) (Ioni- 
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© U14 


se ee ir Ne 
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°.-$ bt i 4 


; | 
ea a a a qa 
07 0.8 09° MOT tas 91471000 18-20 peo cae 
Î i 
= mass (DES 
Mass (in units of proton mass) 


Fig. 3.- Mass estimates for hyperons as obtained from the ionisation-range characteristics 

of the tracks in the emulsion. The 12 events indicated by their index numbers were 

also measured by the scattering and ionization method (see Fig. 4). (©) Indicates decay 

in flight of hyperon to a m-meson. (x) Indicates interaction star formed by hyperon 
at rest. 


ita Mi6 

—o— Mi 10 
Wir 
(5) — : 


(emi 


o—Mi2 : 
U1 i 


© 


© Mi4 


i Dmass tony 
L 1 1 i iL (PON SON | * (i s'l/mass 
07 0.8 0.9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 


‘ Mass (in units of proton mass) 


Fig. 4. — Mass estimates for hyperons as obtained from combined scattering and ioni- 
zation measurements on tracks in emulsion. (©) Indicates decay in flight of hyperon 
x AK È x Di D u 
to a m-meson. (x) Indicates interaction star formed by hyperon at rest. 
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zation-range) and Fig. 4 those from b) (scattering-ionization). Both mass 
spectra are consistent with the assumption that all the particles have masses 
of 1.3 proton masses, %.e. that of the Y-hyperon. Thus no (Xn) hypernuclei 
(2.3 times proton mass) can be discerned in our sample of 33 decays in flight 
to x-meson (the proportion of Y%"-hyperons in this sample is estimated to 
be about two-thirds or somewhat greater). The three fast hyperons producing 
secondary stars after coming to rest in the emulsion were also found to have 
the mass of the X-hyperon. 


4. — Conclusions. 


The study of the traces of fast particles from K~-meson interactions at 
rest has shown that fast deuterons and tritons are emitted. The proportion 
of deuterons among the stable particles (p, d and t) emitted with kinetic ener- 
gies exceeding 84 MeV is (11.1 + 2.5) %, whilst that of tritons is (2.3+1.0)% (*). 
Fast deuterons and tritons of ranges greater than 1 em are emitted from 
(1.0 + 0.2)% of K=-meson interactions at rest in nuclear emulsion (‘*). Pos- 
sibly the true yield is somewhat greater than this, since the fragments emitted 
accompanied by a 7-meson or slow X-hyperon would be excluded from the 
present sample. 

In the present study no (Xn) hypernucleus has been detected in a sample 
of 36 fast YX-hyperons. AMMAR et al. (?) have examined the primaries of 
a) 15 decays in flight to z-meson and b) 84 events exhibiting the character- 
istics of capture of hyperons. They have found all events of type a) and all 
but four of type b) to be consistent with interpretation as X%-hyperons. Al- 
though the (Zn) interpretation could not be ruled out for 3 of the 4 events, 
in no case was the identification certain (**). DAHL et al. (*) using a deute- 


(*) If it is assumed that the momentum distributions of protons, deuterons and 
tritons are the same at emission the true proportion of deuterons and tritons would 
be less than indicated here since a greater proportion of protons would be expected 
to leave the stack. 

(**) In a previous work (1) it was suggested that the deuterons and tritons may 
arise from the disintegration of x-particle clusters. However, their production may 
also be accounted for by pick-up processes within the parent nuclei (see E. G. BELTRA- 
METTI, L. CrurroLortI and G. TomasInI: Nuovo Cimento, 11, 678 (1960)). 

(2) R. G. Ammar, N. Crayton, K. P. Jain, R. Levi-SertI, J. E. Mort, P. E. 
ScHLEIN, 0. SKJEGGESTAD and P. K. Srivastava: Phys. Rev., 120, 1914 (1960). 

(**) It should be pointed out that the sample used in the work of AMMAR et al. 
came mainly from one-nucleon captures of K~ mesons, while the sample described 
in the present work refers to multinucleon captures. The non-observance of the (2 -n) 
fragment in one of these samples does not necessarily esclude its observation in the 
other. 
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rium bubble chamber have been unable in a sample of 227 events to detect 
any example of an event which was consistent with the dynamics of (Xn) 
production, and conclude that if (Zn) hypernuclei are produced in inter- 
actions of K~-megsons in deuterium the frequency is substantially less than 1% (°). 
Thus the question of the existence of (27n) hypernuclei remains open. How- 
ever, the investigations carried out so far indicate that if they do exist, then 
their occurrence must be relatively infrequent. 


We wish to thank Professor E. J. LOFGREN and the Bevatron team for 
the exposure and Professors A. BoNETTI and E. H. S. BurHoP and Dr. W. M. 
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We wish to thank the scanners for their diligent work. 


(3) O. Daur, N. Horwirz, D. MILLER and J. Murray: Phys. Rev. Lett., 4, 428 (1960). 
(*) One event, found in emulsion, was published as a possible example of X n 
decay (E. GANDOLFI, J. HRUGHEBAERT and E. QUERCIGH: Nuovo Cimento, 13, 864 (1959)). 
The authors inform us that later measurements have shown that there were errors 


in the calibration of that event, and consequently the event should not be taken 
into consideration. 


RIASSUNTO 


In questo lavoro sono descritti i risultati di misure di massa sui barioni veloci 
emessi nella cattura a riposo di 7600 mesoni K~. L'analisi è stata ristretta a quelle 
interazioni in cui non vengono emessi mesoni x carichi, nè iperoni Y lenti (energia 
cinetica < 60 MeV), nè iperframmenti. Come già riferito in un lavoro precedente (vedi 
nota (!)), un numero notevole di deutoni e tritoni è presente tra 1 barioni veloci: la 
proporzione dei deutoni di energia cinetica superiore a 84 MeV è di (11.13=2.5) 96; 
quella dei tritoni è (2.34 


a A See : È È ST 
-1.0)%. I deutoni e tritoni veloci aventi percorsi maggiori 
di 1 em vengono emessi da almeno (1+0.2)% delle interazioni di mesoni K- a riposo 
nelle emulsioni nucleari. Tra i barioni veloci è stato misurato un certo numero di ipe- 


. OS . NR 4 . Ra r T UE cer | 
roni Y di energia cinetica > 60 MeV: non è stato osservato aleun caso di ipernucleo (Son). | 
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On the Gauge Invariant Theory 
of Elementary Particle Interactions. 


P. ROMAN (*) 


Department of Physics, Boston University - Boston, Mass. 


(ricevuto il 9 Giugno 1961) 


Summary. The weak interactions of elementary particles are derived 
from the principle of gauge invariance, following the general framework 
of Sakurai’s investigations (3). It is found that only one new boson, an 
isospinor of the second kind, has to be introduced. The actual weak 
processes can be obtained by combining the basic V-A interaction, which 
automatically gives an explanation for the |At|=4 and |AS|= 1 rules, 
with various strong interactions. Next, a systematic study of the electro- 
magnetic interaction is presented, indicating that, besides the photon 
field, the hypercharge — and the isospin — boson field also play a role, 
giving rise to short-range corrections for the familiar electromagnetic 
interaction. It is pointed out that the weak and electromagnetic inter- 
actions destroy the strict gauge invariance of the second kind for bosons 
which transmit the strong interactions, and therefore make it possible 
for them to have a non-vanishing rest masss. Finally, the consequences 
of hypercharge and isospin assignments for leptons are investigated, 
and it is shown that such an assignment automatically leads to a « muon 
number » which is conserved in all interactions. 


1. — Introduction. 


It has been realized in recent years that one of the most outstanding 
problems in the theory of elementary particles is to find the «raison Wétre » 
of their various interactions. Pioneering work in this field has been performed 
by YANG and MILLS (1), who pointed out that whenever a gauge-group of the 


(*) On leave of absence from the Department of Theoretical Physics, University 
of Manchester, Manchester 13, England. 
(1) C. N. YANG and R. L. Mirus: Phys. Rev., 96, 191 (1954). 
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first kind exists, there must exist a vector field, coupled in a unique way to 
the particles which obey the gauge invariance, and that the original gauge- 
group must be enlarged to incorporate gauge transformations of the second 
kind. Much valuable work has then been done along these lines (?), and re- 
cently SAKURAI (*) came out with an elaborate theory of strong interactions 
based on gauge invariance arguments alone. He was able to deduce, at least 
in a semi-quantitative manner, a great number of properties of strong inter- 
actions. He did not, however, discuss in detail the weak interactions. Further- 
more, a stumbling block appears to lie in the way of the theory: one cannot 
see how the boson fields associated with the gauge-groups could acquire a rest- 
mass. It is the purpose of the present paper to elaborate on the gauge-theory 
of weak and electromagnetic interactions and thereby also to show a way out 
of the above mentioned difficulty. 

First, we briefly recapitulate Sakurai’s scheme. 

Baryon number conservation is equivalent to invariance under the phase- 
transformation 


(1.1a) y > exp [ibB]y , 


where b is the baryon-charge and 6 a phase. The concept of a local field forces 
us to consider 6 = f(x) to be an arbitrary function of space-time co-ordinates. 
But then, to ensure invariance under this gauge-transformation, we must add 
to the free Lagrangian the interaction term 


! 


(1.1b) Te = ibJTB, ? 
where J” is the baryon current and B, is a Hermitian vector field subject to 
the gauge transformation of second kind, 


(1.1c) B,>B,+9,6. 


In a similar manner, hypercharge conservation is the result of invariance 
under 


(1.24) y —expliynly, 


where y is the hypercharge. If 7 is an arbitrary function of x, we then must 


(?) See, for example: R. Urivama: Phys. Rev., 101, 1597 (1956); TD D. Her and 

x Ss ia 98, 1501 (1955); Y. FUJII: Progr. Theor. Phys., 21, 232 (1959); 
. Gupta: Nuovo Cimento, 19, 586 (1961); A. SALAM and J.C. Warp: Nuov 7 
11, 568 (1959); 19, 165 (1961). SR a 


(5) J. J. SAKURAI: Ann. of Phys., 11, 1 (1960). 
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have the interaction 


I . + 
(1.25) L, = 4IY,» 
where J7 is the hyper-current and Y, is subject to the compensating trans- 
formation 


(1.2c) RAS 
Finally, isospin conservation follows from invariance under 


(1.34) y > exp [t08]y, 

where ¢ is the «iso-charge » and @ denotes teh isospin operator (i.e., 8 — 4+ 
for isospinors, where t is the Pauli spin matrix, 9 =% for isovectors, where €, 
is the 3x3 Kemmer spin-one matrix). Considering the phase ® as a space- 
time function, we are lead to the interaction 


(1.30) LITE 


where J, is the iso-current and T, a three-component (isovector) boson field, 
subject to the transformation 


(1.3c) T,=T,+0,9. 


The interactions (1.1b), (1.2b) and (1.3b) are considered as the only basic 
strong interactions; all customary strong interactions between various par- 
ticles are merely phenomenological consequences (valid only in a limited energy 
range) of the above basic interactions. 

SAKURAI estimated that the squared values of all three coupling constants 
b, y, t (which now also play the role of « charges ») lie in the range 1 to 20 
(units: #—c—1), and that b°>y?>t?. 

Because of the respective gauge invariances of the second kind, the boson 
fields B and Y cannot have a restmass (*). Since, as is well known, this cir- 
cumstance would entail catastrophic consequences, we must find some me- 
chanism which effectively breaks down the strict gauge invariance (1.1e), (1.2c). 
We shall see that the systematic treatment of weak and electromagnetic inter- 
actions within the gauge-framework automatically serves this purpose. 


(*) This statement does not necessarily apply to the T field, which has direct self- 
interactions; see (1). 
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9. — Weak interactions. 


We shall deduce the form of the basic weak interaction between fermions 
along the same lines as has been done for the strong interactions. 

SAKURAI (3) pointed out that the « true fermion state » projection operator 
is (1+y;). Hence, in the absence of other interactions, fermion number con- 
servation is the consequence of invariance under the transformation 


y =exp[ifl+yely, 
(2.1) 
DD) = Y exp [— if (1 — Y5)@] ? 


where f is the universal «fermion charge ». If g is a constant then this leads 
to the conservation of the fermion current 


(22) Ji =} > Py, + ys)¥ , 


where the summation is extended over all fermion fields. If, however, in the 
spirit of local field theory, we consider g to be an arbitrary space-time func- 
tion, then the free fermion Lagrangian will go over under (2.1) into 


(2.3) Ly ad Tai PY OG de ifpy,Y5V0,P H 


We wish to compensate for these additional terms via the introduction of an 
interaction term. Since we assume that all bosons have definite parity, we 
shall need two separate bosons to mediate the interaction. 

We first consider the vector part of the interaction. It was first suggested 
by GELL-MANN and FEYNMAN (*) that at least for non-strange particles this 
vector part exhibits a particular symmetry; it contains a term which con- 
serves the first component of isospin, and another term which conserves its 
second component. (Actually, the conserved-current hypothesis is somewhat 
more general, but we shall use only the above restricted invariance-demand.) 
We want to account for this symmetry property by the boson which will be 
related to the vector part of the weak interaction. Since only two components 
of isospin have to be conserved, the corresponding boson must have two com- 
ponents, ?.e., it must be an isospinor. 

We now proceed as follows. We demand for all fermions which are iso- 
spinors. of the first kind, the invariance under 


y > expliftw]p . 


(4) M. GeLL-MANN and R. FEYNMAN: Phys. Rev., 109, 193 (1958). 
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If ©, is a constant then this leads to the conservation of the current yy,ty. 
But if w,=,(xv) then 


(2.50) Lo a Ly per FPY ,T1Y0 Or c 


To compensate for the extra term, we introduce the Hermitian interaction 


(2.64) > = i o Py lb ME, sù WT) ? 


where W, is the (non-hermitian) isospinor bosonfield mentioned above. If 
we now amend (2.4) by putting simultaneously 


> T > T =» 

TW, >tUW,+ 0,07, ; 
TT = a rhe <A = 

Wim VW sa + 0,0 , 


where 


(On 
»=("), 
0 


\ 


. r . . * 
then, obviously, Lo + L, remains invariant. 
In a similar manner, to ensure invariance under 


(2.40) y > exp [tfT.m.]y 


for arbitrary ©, = ©,(#), we have to introduce the interaction 


” 


(2.65) i= > Py,(- TW, + iWit)w, 


and then subject W, to the gauge transformation of second kind 


t,W, > 7,W, + 10,07, , 
W't, > W't, — 0,0 
Lh To = pee ed LT9 “ D ’ 


with 


(The i-factors in (2.65) have been introduced for the sake of convenience.) 
If we now add (2.64) to (2.65) and recall that 7, +iît,=27,, we obtain 
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for the vector part of the weak interaction 


ÉD) 


(2.8) L= pr GW + Wes)? - 


We emphasize that, in isospace, this is not a scalar but an isospinor. Hence 
it automatically will give rise to |At|=} transitions. An isospinor weak inter- 
action Lagrangian has indeed been often proposed (*), but in our case it directly 
follows from gauge invariance arguments. 

Further information about the isobaric properties of (2.8) will be obtained 
if we can more closely specify the nature of the W-field. To this end we notice 
that, because of electric charge conservation, only the neutral component of 
W, should appear in (2.8). This is guaranteed if W, is an isospinor of the second 
kind, with negative hypercharge. Then, because of the well-known relation- 
ship qg=t3+ 3, the 4 —+1 member is uncharged, while. the t; = —} mem- 
ber is negative. Hence 


and, in (2.8) t_ projects W° from W, and likewise 7; projects we from Wi 
The fact that for the W-field u——1, will be of importance later on. We 
now stress only that (2.8) automatically gives the |\AS|=1 rule. 

Because Le is the sum of two conserved currents for the case of isospinor 
fermions of the first kind, it follows that the vector part of the weak inter- 
actions of the non-strange particles will not be renormalized. Since, however, 
we accept (2.8) as generally valid, and since for the strange particles it is 
obviously not related to conserved currents, it follows that the weak inter- 
actions of the strange particles’ renormalization effects may play an important 


role. This particular feature of (2.8) may explain the observed scarcity of 


leptonic strange particle decays. 

We should mention here that, although in the weak interactions only the 
neutral component of the W-boson takes part, obviously both components. 
will have strong interactions, mediated through the Y and T fields, to which 
W is coupled by its y and ¢ charge. 


We now turn to the axial vector part of the weak interaction. This part. 


does not exhibit any new type of symmetry in itself; hence, as opposed to all 
previous cases, we do not have to introduce a new boson. On the other hand, 
it must be a neutral particle. Further, in order to couple the basic weak inter- 
action to as many particles as possible (see below), it must be a boson which 
can interact in many ways with equal strength. Hence, the choice is fairly 


(*) See, for example, B. D’EsPAGNAT: Nuovo Cimento, 18, 287 (1960). 
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obvious; we submit that the axial vector part of the weak interaction is re- 
lated to the B-field, and put 


(2.9) I, = ipy YsB £ 


Adding this to (2.8), we obtain the complete basic weak interaction 


(2.10) L, = ifpy ,(t_W, + Wit.)p + ifpy,y,B yy - 


We must now see how this interaction compensates for the change (2.3) 
introduced in the free fermion Lagrangian by the fermion gauge transforma- 
tion (2.1). We find that the complete Lagrangian, LL EL 
if we amend (2.1) by the simultaneous gauge transformationss 


>» 18 invariant 


DI 2, + 0,9 ; 


(2.11) W,—W,+%0, 


Wi > Wit 0,¢%-, 


1(® 
past 


Hence, we have succeeded in deducing the form of the weak interaction 
Lagrangian from gauge invariance arguments. 

It now remains to be seen, how (2.10) can account for the various actual 
weak processes between the familiar « charged-uncharged » currents in the 
Puppi-Gell-Mann diagram. It is obvious that the actual processes will come 
about by combining the B or W fields emitted in the basic weak interaction 
with strongly interacting vertices. Fig. 1 shows, as a typical example, the 


where, in the last two lines, 


B if 


Axial vector 
Piss te 


vector and axial-vector part of the (pn) current; while Fig. 2 illustrates the 
corresponding (pA) currents. Combining such «currents with a prong» we 
can account for the actual processes, keeping in mind also that interference 
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effects between the V and À currents will play an essential role. To present: 


details, of course, is just as hopeless, at the present stage, as it is for the strong 
interactions in Sakurai’s work. 


fy 


A 
Vector Axial vector 


Leptonic processes can easily be incorporated into the scheme if we assign 
isospin and hypercharge to leptons (*). We then obviously must join the elec- 
tron and the neutrino in a doublet, and a similar doublet must exist for the 
muon. Since a particle can not appear in two different multiplets, we are 
naturally led to the existence of two different neutrinos, v, and y,, as has been 
often suggested recently. The V- and A-parts of the (e-v,) current are shown 
in Fig. 3, and similar graphs hold for the (u-v,,) current. 


Ve 


Vector Axial vector 


We now come to an important point. Let us consider the complete Lagran- 
gian of baryons 


(2.12) pe ibpy Bw + JPY Bud +3 


where the dots indicate all other interaction terms which do not contain the 
B-field. We see that (2.12) is no longer invariant under the baryon gauge-group ; 
the presence of the third weak interaction term breaks down the invariance 
and (1.1c) no longer holds. Hence, in the presence of weak interactions the 
B-field does not admit a gauge transformation of the second kind, and there 
is no longer any reason why the B-field cannot acquire a mass. Similarly, the 


() We shall comment on some implications of such an assignmenti n the con- 
cluding section of this paper. 
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fermion-gauge transformation of B is broken down by the strong interaction. 
Of course, both baryon number and fermion number conservation still hold 
true because (2.12) is still invariant under either the baryon phase-transformation 
or the fermion phase-transformation group (with 5 and g constant). 

It may be asked why the baryonic gauge invariance cannot be maintained 
in the presence of weak interactions. A tentative answer may be furnished by 
the following argument. The augmentation of the barionic phase-group to a 
gauge-group was motivated by the observation that relative phases of baryons 
cannot be measured, whatever their space-time separations. However, the 
weak interactions lead to decay processes, and although they conserve baryon 
number, they in some manner provide a means of determining the baryon 
phase. Or, in another formulation: the weak interactions, by implying decay 
processes, prevent a perfect localization in space-time, hence the argument 
about the local character of the fields cannot be maintained. 

At this point we mention that the W-field will also have a mass, since in 
addition to its role in the weak interaction, it is also coupled to the Y and 
T fields. Hence, the total Lagrangian Lo +L,+iyJTOY,+ itJTT, does not 
permit a gauge invariance of the second kind for the W-field. 

We conclude this section with an estimate of the (unrenormalized) coupling 
constant f. Since the actual weak interactions come about by combining two 
elementary interactions (2.10), the effective current-current interaction will 
have the proportionality factor f?/x?, where x is the mass of the mediating 
boson. Equating this with the observed weak coupling constant g~10-* erg cm? 
and taking x~5x,, we obtain, in units h=c=1, 


iP 37 DES 
Because of the role played by the strong interactions in obtaining the actual 


charged-uncharged currents, f? may actually be one order of magnitude smaller 
than this value. 


3. — Electromagnetic interactions. 
Electric charge conservation means the conservation of the current (*) 
JA == > PYy (2 1 


where the summation is extended over all such members of the various mul- 
tiplets that have an electric charge. This conservation law is accounted for 


(*) For brevity we restrict ourselves to fermions. 
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if we demand invariance under 
(3.1) y > exp [iee]y 


for the charged members of all possible multiplets. This situation appears to 
be unaesthetic, because all other gauge transformations refer to complete mul- 
tiplets. True enough, one can replace (3.1) by 


(3.2) y > exp [teQe]y 
which refers to complete multiplets, and where 
(3.3) Q=0+3U 


is the charge operator of the multiplet, which projects the charged members. 
But then we have to face a somewhat mysterious situation. Charge conser- 
vation should follow from gauge invariance alone, and we cannot believe that 
charge is conserved because the sum of #, and du is conserved. Besides, the 
electromagnetic interactions conserve ¢, and v separately. It has been suggested 
that charge conservation is a consequence of reflection invariance on the X,X, 
plane of isospace. However, this gives charge conservation up to modulo 2 
only; and also, we believe that any conservation law is the sole consequence 
of a gauge group. Hence we are motivated to change the argument. 

We first remark that we expect that in electromagnetic interactions &, 
u and q are conserved separately. Next we notice that the presence of 6, 
and U in the charge projector hints toward some role of the 7% and Y fields 
in the electromagnetic interaction; otherwise it would be inconceivable for 
these operators to emerge in the gauge transformation. 

With these ideas in mind, we now demand invariance under 


(3.4) y > exp [ie(0, + EU + Q)e]w 


for every multiplet. Here 6, is 47, or &, U is the 2x2 unit matrix or minus 
one times this matrix for isospinors of the first and second kind respectively, 
and @ is 


] 0 
(o 0) for isospinors of the first kind, 
0 0 I | | 
(3.5) 0-1 or 1SOSpinors of the second kind, 
IO IO 
0 0 0) for isovectors . 
0 0-1 
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Thus we retain the geometrical meaning of Q as the generator of a reflection 
operator, but do not demand its conservation because of invariance under 
this operation. 

If the phase e is a constant then (3.4) gives rise to the existence of the con- 
served current 


(3.6) Je= Je +14 + J? 


where J) is the already known hyper-current and J the third component of 
the J7 isocurrent, while J? is a new current, 


(3.7) Ji = LP OY» 


with @ given by (3.5). 

Now, if we enlarge the phase transformation to become a gauge transfor- 
mation, è.e., if e is an arbitrary function; then the free Lagrangian changes 
according to 


È 
4 È È . YA A 
(3.8) TT 10d) pone AIRIS 


Since the continued conservation of J” and J” is already guaranteed by 
the existence of the 7* and Y fields, we have to introduce only one more boson 
field, A,, and put 


(3.9) VS tel PTIT IY, 4 00043, 


subjecting the three boson fields to the simultaneous gauge transformations of 
the second kind, 


de i rel: 
(8.10) QI I) 


I 
Ai À, Si i 0,€ : 


Then the total Lagrangian L= L,+L' is indeed invariant under (3.4) and 
(3.10). 

We notice an analogy between the weak and electromagnetic interaction: 
in contrast to the various basic strong interactions, they contain several boson 
fields. This, in a sense, makes up for the fact that, while for the weak and 
electromagnetic interactions we need one gauge invariance for each, «the » 
strong interaction demands three different gauge invariances. 


49 - Il Nuovo Cimento. 


3325 


758 P. ROMAN 


When we now consider the complete Lagrangian of all charged matter, 7.e. 


i A 
(3.10) VESTE TSE RA ct ire ca ate 


£ dl 


° | I ry » vif Si 
+ ted Te, + iyi Xp + UT y de 


we immediately see that the presence of the electromagnetic terms breaks 
down the Y-field gauge invariance of the second kind. The same happens 
with the 7?-gauge invariance. Hence, because of the presence of the electro- 
magnetic interaction (3.9), there is no longer a reason why the Y (and T,) fielp 
could not acquire a restmass. Thus, the above systematic treatment of the 
electromagnetic interaction also removes this stumbling block. 

(3.11) is not invariant under the electromagnetic gauge group either. Hyper- 
charge, t;, and electric charge conservation, of course, still hold true because 
(3.11) is invariant under the respective phase-transformations. 

We further notice that (3.11) still permits a «photon gauge group » 


[py — exp [ieQely , 
(3.12) 
A, are A, n ORE ? 


Hence, the photon field A, is strictly massless. 

An important consequence of our electromagnetic interaction (3.9) is that 
the conventional electromagnetic forces (mediated by 4,) will have a short- 
range correction (due to the Y, and 7° term). Because of the presumably 
large Y- and T-mass (x,~x, & 5x,, according to Sakurai’s estimate from va- 
rious strong phenomena), these corrections would show up only at distances 
below 107!' em. Presumably, interference effects between the various terms 
of the electromagnetic interaction would play a role and quantum electro- 
dynamics at small distances could be drastically modified. A particular con- 
sequence of these short range electromagnetic forces is that even the neutral 
member (¢=0, t; 40, w40) of isospinor doublets will experience short-range 
electromagnetic effects. This could have an important part in explaining the 
electromagnetic structure of such particles (neutron, K°-meson), 


4. — Further discussion and comments. 


We have seen that a systematic application of the theory of conservation 
laws and associated gauge groups enables us to derive explicit and consistent 
forms of the weak and electromagnetic interaction. At the same time these 
interactions have the effect of breaking down the absolute validity of the gauge 


| 


3326 


ON THE GAUGE INVARIANT THEORY OF ELEMENTARY PARTICLE INTERACTIONS 759 


invariance of the second kind for the bosons that transmit the interactions 
and hence make it possible for them to acquire a non-vanishing restmass. From 
the «moralistic » point of view, it seems to be gratifying to observe that the 
relative weakness of the weak and electromagnetic interactions is not a dero- 
gatory epithet: although they are weak, it is their very existence that makes 
the whole gauge-scheme of interactions consistent ! 

An interesting feature of our scheme is that all bosons, with the exception 
of the photon À,, participate in both «strong » and « weak » interactions. They 
share this property with the fermions. This fact may be important if we be- 
lieve in a composite particle model, where the basic building blocks are fer- 
mions. 

To make the whole scheme work we must assign hyper-charge and iso- 
charge to the leptons. Although there are quite a number of previous known 
attempts to assign isobaric properties to leptons, in the gauge invariant theory 
of interactions such an assignment will have drastic consequences. This is 
so because now the isospin and hypercharge also play the role of coupling 
constants, hence the leptons will participate in the iso-current J} and hyper- 
current Y, and may interact rather strongly with baryons. It must be checked 
as to whether such interactions will not lead to observable, drastic corrections. 
To get a vague idea about the order of magnitude of these y- and t-interactions 
of leptons, we assume that, for a reasonable range of energies, the short-range 
forces due to these interactions can be described by static, Yukawa type po- 
tentials, and that we can calculate cross-sections in the Born approximation. 

As is well known from elementary scattering theory, the differential cross- 
section for an electron with incident energy £, scattered on a nucleon at rest 
due to the static Yukawa type potential 


È exp i Hu] 
= 212 
i y = 


will be 


m2y*h2c? 
Li 16m? E° (h2xè/4mE + gin? 3/2)?” 


(4.1) OÙ) 


and the total cross-section is 


È m2y*h2c? 
22) ue ony + 4Emihr) 


where m is the electron mass, x,= m,c/h, and y the (dimensionless) coupling 
constant to the Y-field. Now, since x, = 5x,, we can neglect 4Em/fh?x rela- 
tive to 1, up to energies of about 105 MeV. Hence, the cross-section will be 


{ 
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largely independent of energy. Then, using y° & 4, (which is certainly not an 
underestimate), we obtain 


(4.3) dr AS WO Cane 


This is certainly too small to be readily observed. If the scattered particle 
is a muon, o, will be about ten thousand times bigger, but still unobservable. 
The effect of the t-coupling caused scattering will be even smaller by an order 
of magnitude, and interference effects will also arise. 

Much more interesting and crucial is the comparison of the y (and t) scat- 
tering with ordinary Coulomb scattering. Since the Coulomb scattering cross- 
section is 

9 e*h2c2 
es Seoul”) = 15 sind] 
the ratio of y to Coulomb scattering of an electron on a proton becomes, due 
to (4.1) and (4.4) 
y* 1 sin‘ 3/2 
4e4 E (h?x2/4mE-+ sin? 0/2) 


(4.5) Oy(Ÿ)/0 cou(Ÿ) = 


Here again, up to energies of 10° MeV, we can neglect sin? 3/2 with respect 
to f*x/4mE, and then, measuring the energy £ in MeV, we obtain 


(4.6) 05(d)/tcu(0) > 107% Hyey Sin* 0/2 . 


At energies up to 10% MeV and angles 9 < 20°, this ratio is almost comple- 
tely negligible. However, for very large angle scattering the ratio approaches 
and even exceeds unity. For the case of muons the ratio is even much greater. 
Although all these calculations are extremely rude, they indicate that at mo- 
derate energies we need not have fear of measurable effects. On the other 
hand, it seems plausible to account for the oft-alleged discrepaney in high 
energy—large angle u-p scattering from the Coulomb law by means of the 
y-interaction. 

Returning now to the isospin and hypercharge assignment to leptons, we 
recall from Section 2 that, in order to account for the leptonic weak inter- 
actions, we must have an (e-,v.) and a (ur, v,) doublet. Since both are then 
isospinors, the only way to distinguish between them is to assign different 
signs of hypercharge. But then, since e~ and u- (and not wr) are « particles », 
the customary charge displacement formula q=t,;+4u ceases to work. This 
fact, however, allows for an interesting speculation. We propose that 


(4.7) q=ttiutn 
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and take the (e-, v.).as an isospinor of the second kind (w=—1) and n,=0, 
while we consider (47, v,) as an isospinor of the first kind and put n, ——1. 
We then have the following assignments: 


te | u/2 n q 
Ve + | - 0 0 
ee TE mee 0 — 1 | 
Vu sà 3 iT 2 1 0 
ur 3 3 cal ai 


The new quantum number » can now be identified with the « muon number » 
first introduced by SCHWINGER (5). This quantum number is strictly conserved 
because the total charge q is conserved, as is ¢,+4u. The conservation of the 
latter for strong and electromagnetic interactions is evident, and it also holds 
true for the weak interactions, because, as we have seen, only W° takes part 
in them, and for this particle 4, =-+3, u/2=—4, hence A(t,+4u)=0. Thus, 
we are automatically led to the conservation of muon number. It then follows, 
for example, that we must have 


(4.8) Ud CURE Vos 


and, indeed, using the arguments presented toward the end of Section 2, we 
can verify that the combination of our weak currents can lead only to pro- 
cess (4.3) and not to u_>e-+v.+v,, etc. Processes like u >3e, p>e+Y, 
etc., are excluded primarily because of charge conservation and also because 
only W° participates in the basic weak interaction. We also notice that the 
appearance of the new quantum number » is a straightforward consequence 
of having disassociated charge conservation from its geometrical interpretation 
and of having insisted on i) gauge transformations and ii) meaningful isobaric 
assignments for the leptons. (The latter demand is unavoidable in order to 
incorporate leptonic weak interactions.) 

A few words should be added about the masses of the leptons. Here, of 
course, we are on completely unsafe grounds. But one worry, viz., that be- 
cause of their y and t charge the leptons might acquire a large mass, can be 
easily appeased. It is known that in the present framework of field theory 
the self-energies are roughly proportional to the already present « bare » masses. 
Now, when we «assemble » a lepton from some fermionic « Urschmiere », in 


(5) J. SCHWINGER: Ann. of Phys., 2, 407 (1957). 
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the sense of Sakurai’s point of view, the bare mass will be very small, because 
the basic fermionie charge f is so many orders of magnitude smaller than the 
baryon charge b. Then, when adding the y and t charges, only relatively small 
self-energy effects will arise. But one thing is noteworthy—the mass difference 
between the electron and the muon can arise from the different sign of their y 
charge. Since the mass difference between N and = must be due to the same 
reason, it seems interesting to note that the order of magnitude of these two 
mass differences is the same. 

In concluding, we must pay attention to a possible danger point of our 
whole theory (*). Since the B field occurs both in strong and weak interacti- 
ons, and in the latter case it has a pseudvector coupling, we might expect 
that by combining the weak L', and the strotg L,, interactions, parity violat- 
ing « strong » interactions could occur. To obtain a vague estimate about their 
relative importance, we compare, again in the first Born approximation, the 
scattering cross-sections between two baryons mediated i) by the £ field, com- 
bining D, and Li (parity violating) and ii) by the pion field (parity conserving). 
Denoting these cross-sections by o, and 0,, respectively, we find that their ratio 
is largely independent of energy and obtain 


Using the values b? & 20, Gi & 15, x 
have 


l 


a 5%, and f?~10-5 (see above), we 
01/02 10. 


Fortunately, this possible admixture of parity violation is certainly well below 
the observed limit. For phenomena involving K-mesons the ratio becomes a 
few hundred times larger. 

A similar danger point arises from the circumstance that in our electro- 
magnetic interaction (3.9) there is a term containing the T* field. Now, when 
or =e coomasuond term combines with strong interactions, it could lead to 
ISOSpin non-conserving corrections. Denoting the baryon-baryon scattering 
cross-section which ensues from combining iby. with the J®T° term in the 
electromagnetic interaction by o,, and comparing it to the SORIA inter- 


action o,, we obtain for the ratio of isospin non-conserving to isospin conserving 
. . ss ; | = 
scattering 


() I am obliged to Prof. 8. BarsHAY (Brandeis University) 


i for having stressed to 
me the importance of this point. i 
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Using Sakurai’s estimate #~1, we then have 
030 LOS. 
This ratio is again safely below the experimental limit. For K-meson pheno- 


mena it becomes ~10~*°, and it is perhaps interesting to note that violation 
of isospin conservation in K-phenomena has been reported from time to time. 


Notes added in proof. 


a) A relatively simple model in which b, corresponds to the sequence K+. + 
> Tw OA ae >r + has been constructed which gives n<4 (to be published). 


b) An important contribution may also come from an incident K-.N Pi-state going 
to a strongly interacting state of two S-wave pions and a A. 


RIASSUNTO (*) 


Derivo le integrazioni deboli delle particelle elementari dal principio dell’invarianza 
di gauge seguendo l'andamento generale dell'esame di Sakurai. Trovo che si deve intro- 
durre un solo nuovo bosone, un isospinore di seconda specie. Gli effettivi processi deboli 
si possono ottenere combinando l’interazione fondamentale V— A, che dà automatica- 
mente una spiegazione delle regole |At|=3 e |AS|=1, con varie interazioni forti. 
Poi presento uno studio sistematico della interazione elettromagnetica, indicando che, 
oltre al campo totonico, ha un suo ruolo anche il campo bosonico dell’ipercarica — e 
dell’isospin —, che dà luogo a correzioni di breve range della nota interazione 
elettromagnetica. Faccio notare che le interazioni debole ed elettromagnetica distrug- 
gono la rigida invarianza di gauge di seconda specie per i bosoni che trasmettono le 
interazioni forti, e quindi permettono che essi abbiano una massa di quiete che non 
si annulla. Infine esamino le conseguenze delle assegnazioni di ipercarica ed isospin ai 
leptoni, e mostro che tale assegnazione porta automaticamente a un «numero di muoni », 
che si conserva in tutte le interazioni. 


(*) Traduzione a cura della Redazione. 
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Calculation of the Replacement Effect 
in the Statistical Theory of Lattice Damage. 


G. NÉMETH 


Central Research Institute for Physics - Budapest 


(ricevuto il 12 Giugno 1961) 


Summary. — Calculations are made on the number of lattice damages 
due to irradiation by high energy particles. Using the assumption of (°) 
that the atoms responsible for the displacements due to collision may 
be captured in the lattice sites of the displaced atoms, the capture prob- 
ability is written in the exponential form exp [— x(E/E;)] and the average 
number of lattice damages is obtained as my(2) — K(2)((E/Ea) +1). 


Introduction. 


Lattice damages occur in solids due to irradiation with high-energy par- 
ticles. Several authors ('°) have given theoretical estimates for the average 
number of these lattice defects. The theoretical data are however, generally 
about five time greater than the averages deduced from actual esperiments. 
In order to remove this discrepancy some authors have attempted to generalize 
the theory. Thus, for instance, PAL and the author (") have derived more 
general equations for the statistical theory of lattice damage by taking into 
account the replacement of the bombarding particle as well. The necessary 


(2) F. Serrz and S. J. KornLER: Solid State Physics, Vol. 2 (New York, 1956) 
pp. 381. | 
(2) F. Serrz and W. A. HARRISON: Phys. Rev., 98, 1530 (1955). 
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(°) G. LEIBFRIED: Nukleonik, 1, 57 (1958). 
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SI 
D 
Qt 


computations have now been performed and are reported in this paper. It 
will be shown that the difference between theoretical estimates and experimental 
values can be considerably reduced if the replacement effect is taken into 
account. 


1. — Computation of the average number of lattice defects. 


As this paper is mainly the detailed elaboration of ideas presented in (7), 
the physical aspects of the problem will not be dealt with here and some 
symbols used in (*) will remain unchanged. 

Without dealing with the process as a whole, we shall consider only the 
damage caused by the displaced atom. The expression for the average number 
of displaced atoms referred to in the following is to be found in any of the 
papers from (*) for (*). This expression gives the average number of atoms 
displaced by a particle having energy H as 


7 
DI 


(1) mi(E)- exp [— c] È sla 


| | C= 0.517 = Huler constant 


This is the formula to which our results will be compared. 
Let us first recapitulate some of the results of (*) which would be of imme- 
diate use in the present problem. 
(0) 


Let p®(E) be the probability that with the possibility of replacement 
considered, the number of atoms displayed by a particle of energy £ is m, 


The generating function g.(H; 7)= > exp [ma] p(B) (x<0) of pŸ(E) satisfies 


m m 
m=0 


the. eq: (7), 
7 
Ju K(E — E')]g(E"; +) dH’ + 


0 


1 
E 


(2) GE; Li 


E 


È È [re — BL — UB) go(H"; 4) + UE] E — B= E; 2) dB"; 
ò 
where 
il E>E,, 
ECE) 
0 ie ies 


and I(E') is the probability that the atom responsible for the displacement 
(having now energy ZH’) will be captured in the lattice site of the displaced 
atom. 
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In order to solve the eq. (2) let us introduce the Laplace transform 


+o 
G(p; 2) = | exp [— PEINE; 2) dB . 
0 
Multiplying now eq. (2) by exp [— pE] and integrating from 0 to co, we 
obtain 


1 — exp [— pi] a 
p 


(3) — G' L exp [— pEa]G : 


A — | expt PETE) EE": 2) — Mar}. 


\ 


0 


The statements which can be made about the replacement probability {(£") 
are only of a highly qualitative nature. Therefore let us write simply that 


BV ae ih 


Thus, since go(E; 7)=—e if 0<H<Ka; 


(4) — G' G + exp [— pH,|@ |G — (e*— 1) 


RIMA] 1 exp i Pea 


p 


(4) is a Bernoullian differential equation which can be readily integrated and 
we shall write immediately the solution (considering the boundary conditions 


lim pG = e°), 
| È à 
(5) (30) = Eap(pEa) exp «1 — | exp [— y] vivday 
pEa 
where 
v(y) = y exp {— Ex(y) + (e— 1) (By (2y)—E,(y)]} , 
and 
Fy(y) = — E:(- y) | TT 


is the well known exponential integral. 
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From the expression (5) for G(p;) it is easy to determine the Laplace 
transforms of the moments by differentiating them with respect to +. After 
some reductions the average number of displacement is obtained as 


œ 


(6) m(p) = | A M Hd Roue 


OT x=0 
0 
1—exp[— pH,| exp [E, (pH, È È 
= Sini PE) Leroy — Bag. 
2 p : 
DE à 
Hence, for p — 0, we find 
() np) = exp[— c]Æ : SE: ne fox [ E d 
1(p) = exp AR { =fexp[—y— E;(y)]dy, 


0 


and upon retransformation we have 


(8) m,(B) ~ exp [— c]K 


E 
E = 7 Ge 0.071 Huler constant (te 
d 


By numerical integration the value of the constant À was found to be A=0.624. 
Comparing this expression with (1), it is seen that, by taking into account the 
replacement, the average number of lattice defects has been reduced almost 
by a factor of 2. 

Remark: Let us now take more generally ((£') #1 for 0<H'<HE,, but 
with /(H')=0 for E'>E,;. This leads by some easy computations to 


E 
m,(E) ~ exp [— c]K* È - 1 7 
Ha 


(eo) th 


DISC — [exp EUR BQn1/exn [— sy]l[H,s]ds dy , 


0 0 


and from this we obtain the trivial result that A*> AK which shows that a more 
thorough consideration of the quantitative form of /(H’) is of no avail. 


(*) It is to be noted that while (8) is merely an asymptotical expression, it yields 
a fairly good approximation already for H=3H,. This has been shown by SEITz and 
K6uter for a special case of (1). Incidentally it can be shown that the difference 
ma (k) — e-°K((E/E)+ 1) for H-—- co tends towards zero better than exp [— ¢,#], c,> 0. 


cò 


So 
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Our original purpose, namely the decreasing of m,(E) by a factor five, 
could not be therefore completely achieved. It has been revealed however, 
which form of {(E') could accomplish that. Let be e.g. 


(9) AE) = © 


Ea 


where x is some suitable positive parameter. It is obvious that a replacement 
function of this type is more consistent with our general ideas in dynamic 
processes in solids. 

It follows from (2) that the average number is given now by the equation (*) 


E 


(10) Em,(E) =| 


E-Ea 
Ar ]\ 


x E, | m,(E") dE’ . 


my(E')dE'+ A(E — bof (1 — exp 


In order to slove (10) let us introduce the Laplace transform of m,(£), 
that is 


foe} 


| exp [— pE]m,(E)dE = n,(p), 


0 


and from (10) we obtain 


1 + exp [— pEal 
I = x d 
(a) SITA ni(p)— — Zi 
p D 
dI è i URI, : 
Since 2,(p+«/H,) with 0<p < oo is regular, it is convenient to consider it 
an «inhomogenous » term in eq. (11). Since now (11) in this way for the boundary 
condition lim pni(p)=1, we find 
Paro 
Lee] 


Da È exp [PZ (pEa)]( 1 y +a 
(12) Va (Di 3 ‘ — | exp [— y — Buyin, (* co ) ayy. 


DE a 


3 SR : 
() In this case the transformation G(p;x) satisfies the non linear retarded diffe- 
rential equation 


1 —exp[— pg] 


CD G(p) + exp[—pE,] G(p) 


G(p) — Gr | à | i 
Ki p+ «/E, 


mm O DIRI CE È 

PERO use of this equation leads only to the proof of the existence of the asympto- 
tica pees Sen of the moments. In the explicit determination of the asymptotical 
AE is required, then for each moment a particular ad hoe method is to be 
desired. 
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Hence, for p — 0, we have 


DE 1 di 
n1(p) ~ K(a) PE, ne ; 

and upon retransformation we obtain 

= E 
(1l59) m,(H) = K(2) E, +1 7 

did 
where 
K(«) = exp[— c] Si — | exp [— y — E,(y)|n, (7 5 dal 3 
il 7 Ha J 


0 


that is, A(«) is a positive constant depending only on «. This form of Æ(x) 
serves only to prove its existence since n,(y) is unknown. Nevertheless, even 
if the explicit value of A(a«) cannot be given, its asymptotical expansion for 
a — 0 can be calculated: 


(14) K(a) = Ex + aa? In = + aa L.... 


The derivation of (14) is rather lengthy. For illustration we shall give 
in the Appendix only the proof of the relation lim (K(x)/a) = e°, (e— 0,577 = the 
Euler constant). te 


APPENDIX 


Let be 


then we obtain from (11) 


ist brit 


— Oy) = fi + 


lom-r'ep[-n2w+d. 


It can be seen that D(y) = D(y, «) is a regular function of the parameter « 
for y>d>0 thus it is possible to write 


LAC 
TA D, (y) ; 


n 


Dy) = 


oMs8 


where ®,(y) does not depend any more on x. 
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By easy calculation (comparing to the coefficients) it becomes apparent 
that ®(y) =y* and 


n—1 dA 1 | 
(15) D.y)= — > È = few [- a] OB -Y(a) daz , ee al 

io \0}Y 

y 
For a special case 
(y) = y? exp [— y]—y Ey) - 

It is seen by complete induction that 
(16) D,(Yy)~ Cry" >= ud 


Let us now consider the expression for 


[17) K(a) = exp[- e] S si exp [— €] fo + «) exp [— y — E,(y)] dy . 


n=0 


By a simple calculation we find 


e Sip 
— y — le exp | wl de dy + 


~ 


(18) S = lm a =i) + Je 1(Y) exp 


o 0 


y 


ai ¢ = 

-y— | pl 1 ae dA 
J Ne n=2 3 
0 


‘1 — exp [— 
+] DI 9) exp 
y 
0 
Dr exp el lim a | @,(y + x) exp [— y — E,(y)]dy. 


0 


On the basis of a Tauber theorem from (16) we readily get that p,=e,n-1(n—1)-} 
The integrals in (18) can be evaluated trivially so that we obtain the formula 


19 à 
Fe #2 ns 


Making use 5) for o terms i ; 3 
Making use of (15) for the terms in e, we can write the recursion formula 


n—] 


20 ee. n\(n — 1)! 
i Lire > (7) e n>l,.o=l. 
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MEL 


Introducing now the «strong » generating function 


which can be evaluated with 
knowledge of G(t). Its value is found 
to be e°— 2, consequently S= ec. 


as to the correct value of « From 02 
the eq. (14) the root of 


is given as a — 0.09 ~ 1/11. 


G(t) can be evaluated from the equation 


tG'(t) — G(t) = — exp [— t]G(t). 


Thus 


G(t) = exp È ao etd 


de | 


0 


Now the sum in the expression for $ can be written in the form of an integral: 


= Cn È +t— G(t) (ta 
= — exp [— : 
nico N(n — 1)n! je xP i 


the 
0.31 KG 


It is possible to make an estimate 
_ exp[- 6] 


~ 1 


(9) 


K(x) 


a 


It is difficult to present a theo- 
retical interpretation of a replace- 
ment function with such a small « 
as parameter. It seems rather im- 
probable. Although it is true that 
the replacement is not the most 
important effect involved in the 
process, it looks like an exageration 


/ 


0 01 02 03 04 05 


Fig. 1. — Function A(x) which has been de- 
termined by numerical integration from (10) 
for fixed « as the asymptotic value of the 


expression m(8)/((P/E)+1), EF co. 


to obtain the reduction by a factor of 5 with the previous theory unchanged 
and replacement criterions introduced. Nevertheless, it is apparent that the 
consideration of the replacement cannot be avoided if better agreement with 


experiment is intended. 
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2 RIASSUNTO (*) 
a + Si fa il calcolo del numero di danneggiamenti del reticolo dovuti all’irradiazione con 
__ particelle di alta energia. Basandosi sull’ipotesi avanzata in (*) che gli atomi causa degli 
| —’spostamenti dovuti a collisione siano catturati nei posti competenti nel reticolo agli atomi 
D - spostati, si scrive la probabilità di cattura nella forma esponenziale exp [— «(Æ/E;)] 
| e si ottiene il numero medio dei danneggiamenti del reticolo: m,(£) ~ K(x)((E/E;)+1). 
à € DI 
hr (*) Traduzione a cura della Redazione. 
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de potentiels semi-phénoménologiques nucléon-nucléon. 
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(ricevuto il 16 Giugno 1961) 


Summary. — We wish to construct a formalism allowing to connect 
phenomenological parameters of different potentials in nucleon-nucleon 
scattering with experimental results: phase-shifts and coupling para- 
meters. We show that phase-shifts are obtained by numerical calcula- 
tions of two integrals, the two integrants being solutions of Volterra’s 
coupled integral equations whose kernels explicitly depend on potentials. 


Introduction. 


Les progrès réalisés et les nombreuses études portant sur l’analyse en dé- 
phasage de la diffusion nucléon-nucléon jusqu’à 400 MeV permettent d’espérer 
dans un avenir proche une connaissance non ambiguë de ces déphasages. On 
peut donc prendre ces déphasages expérimentaux comme point de départ et 
essayer de les relier d’une façon pratique avec une famille de potentiels con- 
sistante avec les considérations théoriques. Ces considérations aussi bien que 
les données de l’expérience nous astreignent à inclure ’O.P.E.P. Nous tien- 
drons compte aussi d’un cœur dur de rayon 7,40. Une méthode d’itération 
particulière obtenue par A. MARTIN pour {— 0 (1) et qui fournit des approxi- 
mations commodes s'étend de diverses manières pour {20 (**) et pour 
une large classe de potentiels (5) comprenant entre autres DI exp [— nur|r-?. 


(1) A. MARTIN: Nuovo Cimento, 14, 403 (1959). 

(2) A. Martin: Nuovo Cimento, 15, 99 (1960). 

(3) De ALFARO et C. Rosserri: Nuovo Cimento, 18, 780 (1960). 

(4) L. BertoccHI, C. CEoziN et N. Tonin: Nuovo Cimento, 18. 770 (1960). 
(5) H. CORNILLE: Compt. Rend. Acad. Sci., 251, 2135, 2308 (1960). 


50 — Il Nuovo Cimento. 
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1. — Potentiels semi-phénoménologiques. 


Nous considérons (*) pour la diffusion proton-proton la famille de poten- 
tiels (1) s’accordant avec les considérations habituelles d’invariance; pour le 
système neutron-proton un terme additionnel similaire à (1) doit être ajouté 
correspondant à l’isospin 1 — 0, 


1) V=V.+6,:0,V,+ V,LS + VS +40 ((L-o)(L-02:) + (L:o:)(L:0:)). 


Les potentiéls semi-phénoménologiques auront les caractères habituels: cœur 
dur, appartenance à la famille (1) le terme dominant à grande distance étant 


l'O.P.E.P. (°) 


— 
bo 
_ 


fel — Le 3) exp [— ur] 
ae s ads) (a0. Sip (1 "ur + wer? ur 


Nous supposons que les divers V; appartiennent à la famille (3) (p, étant réel 
> 0 et fini) 


(3) Vir) == exp |= pel} (y) exp [— yr]dy , |C:(v)|< My”. 
0 


En Section 2 nous étudions le cas des équations non couplées (singulet, triplet 
L=J), en Section 3 celui des équations couplées avec r,70 et nous 
montrons la consistence de notre formalisme pour r,= 0. 


2. — Equations non couplées. 


—1z1z1uii — 


L’équation de Schrédinger s'écrit en posant la variable radiale égale à 
r.+r où r>0 


1° , IT HI 
(- -_K? SE: 1 U(re +r) =V(r+r)u(r+r), 


4 
(4) art' (r,+r) 


V étant une combinaison linéaire de potentiels de la famille (3) où nous avons 
omis la dépendance en 1. Pour définir la matrice S nous utilisons une méthode 
donnée (3) dans le cas où r,=0. 

Soient 2 solutions de (4) 


(cel 


(5) Re + 134 K)= [I+ K + i2)(0.4 7) gare) da ~ h(t E(r.+r)) 


(°) S. OkuBo et R. E. MARSHAK: Ann. Phys., 4, 166 (1958). 
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où 


(6) h,(w) = (— i) exp [Ke] > | 


à \? | 
SE Qin avec Qi, _ : TA aE 
p=0 \24 p 


soit une solution ,(r, +7) telle que 
Ure + 7) = Ri Kr, + 7) —(—1) S{(K)R{(E;r. + 1) 


la condition w,(r,) —0 nous donne S,(K) 


RCE, 7) 
Ri(K,r.) 


(7) Sie 


La détermination de x, (a) =exp[—ar.]0,,(x) se fait par la résolution d’une 
équation de Volterra, 

œ— pu 
(8) @ g(%) = 0(%) + B(x, fa. p,K)cx(P)Ap, 


0 
avec B(a, K)=(x(x—2iK))! et G,=0 pour f>x—w est donné par: 


a—B—p 
(9) G (a, B, K) =exp [— (x = pra forte B,y+u,K)C(y)dy, 


0 
(ce) 


exp [— (y +u)(re+r)R (CE + iB}(re+ r))= | hi ((K +ix)(re+ r))- 
0 
Ha, B,y +p, K)da, 


At est =0 pour x<L+y+, son expression et sa détermination sont données 
en Appendice A. 
En Appendice B nous montrons que pour K réel |x,(x)|<|B(x, K)| l’exis- 


tence de R,(K,yr,) en résulte. 
Soit f.((K+ia)r.) = (i)! exp[ar.] exp [— iKr.]h((X+ia)r.) d’où: 


si = 1 = DAI FA Ra do, Te) 
SUK)=(— 1)48,(K) exp [2iKr.]= AE D ? 
où 
(11) RK,r.)=f(K, ra A+ ar te de, 
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comme 
A By Vera) CAC? B; y + u, — K*))* 
on déduit 
RE) = Al K*). 
On a donc d’une part les propriétés habituelles 
SR) = Sie) SET) = SCO) UE St(K), 

@autre part si K est réel Z,(K) a pour phase —(Ô+Kr.+l(x/2)). 

On déduit de (8) une équation intégrale semblable pour f((K+iar.)t,(x) = 
— a,(x)—ib,(x). Pour K réel, les fonctions a, et b, vérifient le système réel 


couplé (12) 
la x(c) dig "na eg Img\/ax(B) 
(12) Cr) ac (0) +] BA 
\bx(2) perl — Img Reg/\bx(p) 
0 
ou ax — ib =f(Kr,) et Reg, Img sont les parties réelles et imaginaires de 
g(a, B, K) = Bla, K)Gi(a, B, K) fi((K + iar.) (fi((K + BO We) oo 
Ces quantités se déterminent aisément si on remarque que pour Æ réel 
g(a, B, K) = g*(x, B, —K) ; fila, B, K) = fc, PH}, 


finalement: 
4 TT . 
(13) te (0 + Kr +12) = a 
| o fata) ax 
0 
Le cas r,=0 a été étudié (?); pour une transformation du type (5), il est 


clair que la méthode et les résultats donnés pour exp [— pr]r-? par ALFARO 
et ROSSETTI (*) s’appliquent pour |C(y)|< Oy’! (0 < y» < 2). 


3. — Equations couplées. 


du, 
n dr? 
CH) oa 

dr? 

io RESO 
1 x = Vr) V,(r + r) 
4 (rote) ene HE 
Vlr + 1 FA eee) Re Ji 0 
) pew Cr 


SI 
“I 
“1 
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Nous avons omis la dépendance en J des divers V, appartenant à la 
famille (3). Nous désirons relier simplement les potentiels et les données expé- 
rimentales; les déphasages propres 6,, 6, et le paramètre de mélange e de 
BLATT et BIEDENHARN (°) sont supposés connus, nous ne faisons nos raison- 
nement que sur un seul état propre (x) de la matrice S. 

Nous supposons la condition asymptotique (*) 


ae (7) tes ELA (— K(r + 7.)) — (— 1) exp [216] h,_,(K(r ws) 
o ad : 


Ur sin e[hyxs (— K(r +re)) — (— 1)7# exp [250] hyn(K(r + re))] | 


\ 


Nous définissons 2 couples de solutions de (14) 


hes (4K + ia) (re + 1)) ça glee) da 
R(+K,r.+7 ° 
(16) | a 
IL Kir. 1 3 
| Iyer ((+ K + i0) (re +) ta ola) de 
0 


(17) = 


feta) 


fe Eh (a> Kr | 


sin eh,4,(+ K(r.+7)) 


N 


Soit une solution 


(18) EGR ie K,r.4-7) — (— 1) + exp [216] R(X, atl 
(Te + de T(— K,r.+ 7) — (— 1)! exp [216] 7 (K, r. +7) 


/ 


la condition wu,(r,) = w,(r.) = 0 donne 


J 


/ (= HO, na T(— LB 
(19) EXD ONE ae DI va FE - i 


0+x(2)exp[— ar.]=@4x(2), t4x(a)exp[—@xr.]=%+x(x) satisfont à une équa- 
tion intégrale couplée de Volterra qui se déduit aisément en portant les solu- 


(7) J. M. Brarr et L. C. BIDENHARM: Phys. Rev., 86, 399 (1952). 
(*) On pourrait aussi imposer 
Uj\ {COs e[exp [-d(K(n4+r) — (J — 1)x/2)]— exp [i (264+ K(r,+ r) —(J — 1) x/2)]] 
Wy a bs e[exp[— i (K(r,+1r) —(J + 1)x/2)]— exp [i (20+ K(r,+ r)—(J + 1) 7/2) ]] 


on obtiendrait des résultats semblables; il faudrait modifier les conditions (17) et (23). 


3345 


778 H. CORNILLE 

tions (16) dans (14) avec la condition (17) 
2 x(0t) Xo, (CE) nu Gye 1( a, B, K) Tei (€ a, B, K © x(B) 

(20) | «hi 1: Bla, ol] Ge €) GI ( dp ? 
Yx(2) Yo. n(%) : Gale, P,K),G7+1(0,B, K)/\yx(P) 

où G2", (9=+1) nul pour «<f+yp est donné par 


J+n? 


a-B-p 


(21) E pio dee Isso) JA EU, By y + u, K)dy, 


(22) exp [— (y +uj(re+r)lhsan((Æ + iB)(re + r)) = 


œ 


= frire, B,y + 4, K) Asin (fC +ia)(r.+r))dæ, (J=1,2,...). 


0 


Nous avons pour conditions initiales en « suivant la condition (17) 
Xo, x(%) I0(%) ; 
(23) == k , To COS Es VISITES 
Yo,k(X) YoO(X) 


Les expressions et déterminations des noyaux Hi sont données en Appen- | 
dice A. En Appendice B nous montrons que pour les conditions initiales (23) : 


et K réel 
al a ua 
(Ya) |, slo | 


Pexistence de R(K,r,) et T(K, r,) en résulte. Comme dans le cas des équations 
non couplées si on pose 


cos efy-(Ære) + fra ((K + iapr.)x (x) da 
RK, 1%) 
(24) = i 
Ed) n 
sin efy(&r.) + [hat K + i2)r.)yx(@) do 
u 
DI: CA te al R-EKrj I Kr 
(25) exp nio + Kr, + (J — 1 4 = — = tra, [ ré 
sl au een EL 


Etant donné que 


Pr) = CAN) et que  j,((H + iar.) = (j,((— K* + tar)" | 
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on voit aisément que pour Æ réel Z(K,r,) et 7(K,r,) ont pour phase 


— (6+ Kr,+ (J—1)z/2). 
On déduit de (20) un système intégral semblable pour 


(zia + ia)r.)cx(2) = a(x) — ue) 
fai ((K + iac)r.) y x(a) = cx(2) — id,(a))’ 


(a, b, e, d) vérifiant un système couplé réel de Volterra 


/a(x) ‘Ay 
b(x) Do 
(26) = 6(a) 5 
c(x) Co 
d(a) do 


Reg eng Reg + Im'gh\ Nap) 


images (Regs. lm gr ae egs. b(B) 


+ db 
Regi; Imgxi Regi Img; || (8) 


— Img; Regi — Imgii Regih/ \d(f), 


OÙ a—tb= cosef,_ (Kr), oa—id=sSinef,,1(Kr.); Re g et Img; sont les 
parties réelles et imaginaires de 


gialla a, B, K Ba, K) ES a, B, TOW onl (1S te ix)re) (ee (UE + iBr.)}=2 


Ici encore ces quantités se déterminent aisément car pour K réel 


GIGI) 
Enfin: 
fo fale L) dx 
(27) tg (0 - Kr, + (j 15) = = 


Le système (26) se résoud par itération, les n premières itérations donnant 
la solution exacte pour x€[0, nu] pour x €[0, uw] on peut imposer aux C;(x) 
de s'identifier avec ’O.P.E.P. et utiliser des paramètres ajustables pour les 
jermes correspondant à l’échange de plus d’un pion. 


Remarque: Si nous voulions définir un formalisme déterminant 6 et ¢ ou 
Si nous ne considérions que 6 comme donnée expérimentale, il faudrait comme 
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R. VINH-MAU et A. MARTIN (8) prendre une base complete de l’éq. (14) par 


exemple 

R(+K,r,4+ 7) h,_.+K(r+7 

| at sc al ly at aE (ase I; e Daf DSS 
Ti(+ He UG r) ie Dahy+1 (+ TE (DE) 


Une solution quelconque, combinaison linéaire des 4 solutions de la base, 
soumise aux conditions asymptotiques (15) ne dépend plus que de 2 para- 
mètres liés à 6 et e que l’on peut déterminer en imposant ve) RI 
R(+Kyra) 
T,(+K,r) 
surée pour K réel (Appendice B:X,=1, Yo= +1). 

L’étude de ces fonctions pour K complexe permettrait d’obtenir les pro- 
priétés d’analyticité de la matrice S dans le cas d’un cœur dur et de potentiels 
du type (3). 


sous forme de transformés du type (16) est as- 


L’existence des | 


Cas de r,=0. — Si on suppose V,(r) = Pr ”, (V,, = €") et les autres po- 


tentiels de la forme V;(r) x C'r ** on trouve comme système fondamental 
de solutions de l’éq. (14) au voisinage de l’origine pour » <2 et §;< 2 


( | r/pa(r) rett—rp(r)\ | (7-1? pur) die DI) 
| = | a | == | a | ’ 
yw) 0 pitti) pJ+2 ws(7), p_3-3+7) ws3(7) TE SCT) 


p:(0) et w;(0) étant des OC; y,(0)=A,@.(0), 2, ne dépendant que des coeffi- 
cients de (14) et de V,; si »=0 le dernier terme en « devient IVI qa(r). 
On étudie le cas 0 <y<2. Nous définissons toujours 2 solutions du type 
(16) astreintes aux conditions (17), le système intégral (20) est valable pour 
0x(%), t,(%) la condition de régularité (18) est maintenant remplacée par 


lim y R(— K,r) lim r/#1T(— K, r) 


(29) bxp [20] 1) er = — SES LE 
lim aio CAE) lim 9! Z(K.r) 
ana PESO 


- tifo 4 ) victa > x j i 1 i 
Nous justifions l’existence de ces limites en Appendice B pour la famille 


(30) ICr(y)|< My" et 


Ciy)|< My (0 < E,< 2} 


en montrant que #,(%) — 0,(&)(K/(K+ix)) = a 


> 


(31) Yx(%) = De | x ys ~ gut. 


8 i [ ; 
} (9) R. VinH-MAU et A. MARTIN Nuovo Cimento, 20, 390 (1961), indépendamment ont. 
étudié les équations couplées pour obtenir les propriétés d’analyticité de la matrice S 


3348 


A 


MÉTHODES D’APPROXIMATION POUR LA DÉTERMINATION ETC. 781 


æ (o) 
(¢ est le plus petit de 2 —, 2-£)[ + | vérifiant un système intégral du 
type (20) où 


CE) Aaa, By y + u, K)dy. 


de remercie Monsieur le Professeur R. NATAF et le Dr. A. MARTIN qui 
sont à l’origine de cette étude et m'ont encouragé à 


, publier ce travail. 
APPENDICE À 


Determination et caleul des noyaux #7. 


a) Il a été proposé 2 méthodes pour déterminer #4 (5). Nous rap- 
pelons (5) qu’étant donnée la propriété 


= [tre (Er + r))] = En + 7) (Er + 7), 


lo 


la transformation pour f(r.+ 7) quelconque 


fret) = prie. Kyhi((K + i2)(1,+7)) de, 


se ramène à 


; re ISSN 1 di i 
i exp [— iK(r, 4 n . (+ rf + 7) = 


= J exp [— ar][X(a, K)(K + ia)’ exp [— ar,]] da - 


0 


D’après la propriété de translation des images de Laplace 4, indépendant 
de r, est donné par 
+40 +To 
(A-1) (K+ia)'A(c$K) = _ Je [ar] Af(r) dr, 
—i®+To 
où 


Aif(r) = i exp [— ikr] Ê il (r'f(r)) . 


r 01 


3349 


782 H. CORNILLE 


Pour Pexistence de .#, nous sommes donc principalement ramenes à Pexi- 
stence de Poriginale dans la transformation de Laplace, l’étude de l’existence 
de noyaux correspondants a des potentiels quelconques a été exposée en (°). 


b) D’après ce qui précède 


(A-2) Ryan((K + i6)r)exp[- (u + 71 = 


Lee) 


= frite, By + py E)hssn((E + ter) doe 


0 


Nous rappelons aussi que si nous prenons l’originale de (A-2) apres mul- 
tiplication par exp [— iKr] la propriété pour #377) d’être = 0 pour x < f+y+u 
résulte de ce que F(A, 8, w+y) est — 0 pour A< f+u+y (F étant Poriginale 


en À correspondante du 1* membre en r). On peut voir sur (9) et (21) que 
Jin 


cette propriété sur # entraine que G;a7= 0 pour «< f+u. Enfin cette dernière 
ee 3 x ve (ce) 
propriété entraine pour les équations intégrales (8) et (20) que = 
* VAL) 
x Ln(&) 
pour «<p et par récurrence 


| 0 pour x < nu. 
Yul), 


¢) Caleul des noyaux MD: 
D’aprés (A-1) et (A-2); (K-+ix)/*1#% est l'originale de 


As+n(hyen((K + iB)r)exp[- (2 + y)r]). 


Pour F quelconque on a 


; IL @ en 1 “tt , 
{A-3) (È =] F(r)— y 20 +m DO : 


Prenant F = exp [ir] on obtient b 
Il suffit done d'appliquer (A-3) à 


(— RER 


J+mD T dy4n-15+n-» 


F = r hrs (K + iB)r) exp [— (u + y)r], 


on obtient pour image de Laplace des termes de la forme exp [—(B+yu+y)r]/r™; 
en prenant les originaux on a: 


(A4) Aie, B, y +u, K) = + 6(a—y—p— B) + 


cy ae i 3 («— y— B—p)" (5 
0 


Et oi n) 
Gi YOR ni A 


? 


Jtn È ene 
i” Ce ni Lk — st ==; Si rie: Bd ica; Ip —s 
cala ag Tip) Canari +4 — o 


(Le 
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où No = 2J + n En —2 sauf pour £34) où n, = 2J — 1 


s=2IJ+Nn+ngn-1-n, 0<s—qxp<J+yn, 


p+q—s x en 
Danan e 92 8). = 


=(¢+% 


n)(g+n +n—1)..….(s+En+n—p+1)=1 SI S=p+d, 
— (CL TETE TN Ent 


eens 


Ay,y; db, yy nuls si v’ > y; sin=0 on prend +d(a—y—u— f). 
l 7. . , / Q as 
Pour .#%; on peut utiliser cette formule ou l’expression légérement différente 
donnée en (°). 


APPENDICE B 


Comportement des solutions des équations (8) et (20). 


On a vu (Appendice Ab) que ces solutions sont de la forme 
x(a) 90 (x) © [Em(%) 
ie +> Joe mu 
Y(%) YoO(%)/ 0 \Ym(%) 
Nous voulons montrer que 


æ(x) f(x, K) 0 : 
(B-0) | | =f )4e79), 


où (| A(x, K)|) borné. 
Pour ce faire, nous écrivons ces équations sous la forme 


=p 


14 ae a (0) 
| = ne Ua Ke) | B, K)) dp où 
YoO (2) ; y(B) 


EE) 0 À el: BG= (MA): 
‘ ec all = J+n/ 9 is 421/65) 


les significations de f,,f, et # seront precisées ci dessous. 
Supposons qu’il existe m, tel que 


Ling (2) We (Oy de) RAC AN <a en 
| == (F(x,-K)) | DEL) où N À | 
PACA PACE 110) PACA K) |< one 


3361 


784 H. CORNILLE 


par itération on déduit 


œ—pu 


SI Vee Aa (IF, 1) |)]" (5 


70) | 
< (|P (a, K mol à | 
o i ( Ù )1) 2 ni } 


Pour avoir le comportement (B-0) désiré, on peut montrer 
(BEI) Mol (|a, 0, )K|)<N(K), 


et lim (|X(x,0, K)|) 0 si on veut lim (|A(+, EK) Oe 


œ— pu 
(B-2) 2) fire a, B, K)||F(B, K)|aB<M(K), 
yu 


a) Equations non couplées 7,40 les matrices sont des élèments 1&1 
P= B(a, K) et #— Gilx, BP, K). 


On peut montrer d’après (9) et (A-4) |G;(x, 6, K)| < N(K), 


1) |G,(a, 0, K)|< NK), 
x —u æ—u 

2) JF DIGG BE AN frs mag, 
be lu 


b) Equations couplées (20) r, #0; on prend f,=—f,= B(a, K) 
HI = qua, 


On peut montrer d’aprés (21) et (A-4) 


| 
rep) ENTI 


1) | Ga, 0, K)|< NER), 
x pl vo Li 

2) | B(B, K)||@%#%a, B, K)|dp < xs) |B(B, K)|af. 
Kt ; 


€) Cas r,— 0 on obtient aisément 


= Il 1 
‘ Gi Ceo ea | GE _ 
LR OS “Tot OL) ENT 
F(x) =f > } (2) = ( ) a”(x —.2iK) 
( 1) aye a È c} 
CT AR eee 
(a — 21K) 2iK) 


ou GIF) est donné par (32). 
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©t 


On établit d’abord 2 relations intermédiares par examen des expressions 
des noyaux 775) pour des potentiels de la forme (30) 


| K + ip tn 


(B-3)  |G@5i,(«, B, K)|< A,(K) | 


(Ga — B — w)| + 


| Æ + ia 

Pine 

+ A,(K) 2 meee (aveché= té sou) 
gue | 
Sp ara | 
(B-4) Gate, B, K)|< AK) - \K + En |Cala— Pt 

ay > 
+ Ag K) (ai PET 


Les majorations (B-3) et (B-4) nous permettent de satisfaire aux condi- 
tions (B-1) et (B-2) si 0 < €< 2 où & est le plus petit de 2 — » er 2 — &,. È 
Montrons enfin que ce comportement (31) en x entraine l'existence des | 
limites (29) quand r > 0 


Val i 
lim r7#1T'(K,r)= lim yr#h,4(Kr)+ > lim pos [exp [— ar]t(a)- 
1e 0 r—>0 p-07 0 ; 
i ? (24 + 2)! Ray | i | i fo 1 
TA E REA A œ sape e LI AME ESE +2 età ; a la 
= — 3) de Art, (J +1)! se) 2k 4 si 4 2(k + a SR 
Li i 


Tg 4 \2 
1 ‘i v NN AA n]—1+v -p Ne [ren vi SC x 
lim PR (KT) (= 4)" 2 n »|exp{ 2r1o(2) (> di = eo UO? 
LH / «E 


chacun des termes de la somme possède une limite étant donné le compor- 
tement de o(x). 


RIASSUNTO. (*) 


Intendiamo costruire un formalismo che permetta di collegare i parametri fenomeno- 1 
logici dei diversi potenziali nello scattering nucleone-nucleone ai risultati sperimentali : 
spostamenti di fase e parametri di accoppiamento. Mostro che gli spostamenti di fase 
si ottengono calcolando numericamente due integrali, i cui integrandi sono soluzioni 
delle equazioni integrali accoppiate di Volterra, i cui noccioli dipendono esplicitamente 


dai potenziali. 


(*) Traduzione a cura della Redazione. 


3353 
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Il calcolo dell’intensità di diffrazione dei raggi X 
da parte di strutture denotanti disordine monodimensionale. 


Nora I. — Criteri matematici. 


G. ALLEGRA 


Istituto di Chimica Industriale del Politecnico - Milano 


(ricevuto il 28 Giugno 1961) 


Riassunto. — Nel presente lavoro, che costituisce la parte teorica di una 
serie di tre note sull'argomento, è fornita una nuova trattazione mate- 
matica per il calcolo dell’intensità di diffrazione dei raggi X da parte 
di strutture monodimensionalmente disordinate. Tale trattazione, che 
consente in generale una notevole semplicità di calcolo, utilizza il metodo 
matriciale in una forma sensibilmente diversa da quella già discussa da 
HENDRICK e TELLER (l): anzitutto perchè si considera sotto l’aspetto 
probabilistico la successione dei possibili vettori di traslazione tra strati 
adiacenti, in luogo della successione di strati in diverse posizioni assolute; 
quindi perchè è stata evitata la necessità di effettuare qualsivoglia diago- 
nalizzazione di matrici; infine perchè il presente metodo è esteso al caso 
più generale in cui l’ordine di influenza s nella successione probabilistica 
degli strati, eventualmente di tipo diverso, sia maggiore di 1. | 


Introduzione. 


strutture denotanti disordine monodimensionale è già stato affrontato in parti- 


colare da HENDRICKS e TELLER (1), WILSON (?), JAGODZINSKI (34), KAKINOKT 


| 
Il problema del calcolo dell’intensità di diffrazione dei raggi X da parte di 
e KOMURA (5). 
| 
| 


(1) S. B. HENDRICKS and E. TELLER: Journ. Chem. Phys., 10, 147 (1942). 
(2) A. J. C. Wirsox: Proc. Roy. Soc., A180, 277 (1952). 

(*) H. JAGODZINSKI: Acta Oryst., 2, 201; 208; 298 (1949). 

(4) H. JAGODZINSKI: Acta Oryst., 7, 17 (1954). 

(5) J. KAKINOKI and Y. Komura: Journ. Phys. Soc. Japan, 7, 30 (1952). 
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La trattazione di HENDRICKS e TELLER è fondata sul metodo delle matrici 
di probabilità di sequenza tra strati, mentre la trattazione di WILSON risolve 
il problema calcolando tali probabilità mediante la risoluzione di un oppor- 
tuno sistema di equazioni alle differenze finite. JAGODZINSKI, dopo aver 
esteso ad una maggior generalità il metodo di Wilson, propone una nuova trat- 
tazione matematica del problema, fondata sulla risoluzione di sistemi di equa- 
zioni dedotti dall’applicazione di opportuni operatori di gruppo ai parametri 
di probabilità. KAKINOKI e KoMURA sottopongono ad esame critico il metodo 
delle matrici e quello delle equazioni alle differenze finite, dimostrandone tra 
l’altro l'equivalenza sostanziale. 

Il metodo di risoluzione generale del problema che sarà proposto in questo 
lavoro si fonda sull’applicazione del metodo matriciale in una forma nuova. 
Invece di prendere in considerazione, come nelle trattazioni degli autori citati, 
le probabilità di successione tra strati considerati in posizioni diverse rispetto 
ad un riferimento fisso, vengono introdotte le probabilità di successione tra i 
diversi possibili vettori di traslazione tra strati; questo nuovo punto di vista 
consente, oltre ad una agevole estensione del metodo matriciale a tutti i casi 
possibili di ordine di influenza tra strati, sia nel caso di strati dello stesso tipo 
che nel caso di strati di tipo diverso, una maggiore semplicità di calcolo. 
Il metodo che esporremo non richiede inoltre alcuna diagonalizzazione di 
matrici (5), a differenza di quello proposto da HENDRICKS e TELLER; nel caso 
più generale tale diagonalizzazione non è d’altronde sempre effettuabile coi 
metodi standard (1:56). 

Ci proponiamo di illustrare, in questa prima nota, il metodo generale di 
impostazione matematica del problema; nel primo capitolo verrà studiato il 
caso di disordine monodimensionale in strutture costituite da strati dello stesso 
tipo, mentre nel secondo la trattazione verrà estesa al caso in cui siano pre- 
senti diversi tipi di strati. Nella seconda nota riporteremo le formule, dedotte 
sulla base dei formalismi matematici precedentemente discussi, dell’intensità 
diffratta da parte di alcuni modelli strutturali denotanti tipi diversi di disor- 
dine monodimensionale. Nella terza nota infine applicheremo tali formule alla 
soluzione di alcuni problemi di disordine monodimensionale connessi con le 
forme a strati, o violette, del tricloruro di titanio, componente del sistema cata- 
litico per la polimerizzazione stereospecifica delle «-olefine (7). 


(6) G. ALLEGRA: Acta Oryst., 14, 535 (1961). 
(?) G. Narra: Conferenza tenuta al II Congresso Internazionale sulla Catalisi, 
Parigi, luglio 1960, Chimica e Industria, 40, 1207 (1960). 
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A) Il problema matematico dell’intensità di diffrazione dei raggi X da strutture 
con disordine monodimensionale, costituite da strati dello stesso tipo (*). 


1. — Introduzione. 


Intenderemo per «strato» Vinsieme costituito dalla ripetizione infinita per 
traslazione, secondo due vettori non coincidenti a e b, di una medesima unità 
strutturale; lo strato può essere così propriamente definito come un cristallo 
bidimensionale. 

Ad ogni unità strutturale potrà associarsi un fattore di struttura v, fun- 
zione del vettore reciproco S (|S|= (2 sin6)/A), riferito ad una particolare 
terna di assi solidali con l’unità strutturale stessa. Assumeremo due assi della 
terna coincidenti con a e b ed il terzo, c, perpendicolare ai precedenti (e per- 
pendicolare allo strato). Noi faremo sempre l’ipotesi che ogni strato sia costi- 
tuito da N,N, celle elementari, con N, ed N, molto grandi; potremo così defi- 
nire il fattore di struttura dello strato, V: 


axS = h (intero), 


NENGOES 7. Be 
es A © | bx S =k (intero) 


(1) V(s)=% 
\o PR rita ete cee negli altri casi. 


| 
| 
Lintensita totale diffratta da parte di qualunque struttura costituita da 
strati sovrapposti sarà in generale esprimibile come somma del termine di inter- 
ferenza di ogni strato con se stesso, di ogni strato col suo adiacente (nella dire- | 
zione positiva dell’asse c), col suo biadiacente, ece. ... 
Poichè tutti gli strati sono paralleli, il fattore di struttura, rispetto ad un’ori- | 
gine fissa nello spazio, del generico strato di numero indice j, sarà rappresen: | 
tabile nel modo seguente: | 
| 
| 
| 


(2) ViPS) = V(S) exp[— ip'?(S)] ; 


Ne (j) ) , 1 > 
essendo g°(S) l’angolo di fase corrispondente alla traslazione t® dall’origine 
spaziale fissa all’origine della terna d’assi intrinseca: 


(3) PPS) = 2ntxS. 


(*) Intenderemo per strati dello stesso tipo, qui e nel seguito, strati che si posson 
ritenere ottenuti gli uni dagli altri per semplice traslazione, nella struttura consideratal 
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Se il numero totale degli strati sovrapposti è N,, l’intensità totale diffratta, 
per S qualunque, sarà fornita dall’espressione: 


(4) I = Ns VVELVV* 
Na-1 Ny—q a a 
2 D exp [— i(g? — pita)] soa exp [+ i(g — pio]; 


dove V= V(S); D? = PAS). 

Indicheremo ora con Ag’ la differenza (p?— gi). Se ammettiamo 
che tra due strati consecutivi possano aversi più traslazioni statisticamente 
possibili, sarà fisicamente significativa per noi solo la media dell’espressione (4): 


NL Nas N3- 


VALEVA: 2 È exp [— iAg@ i+} + > exp [+ Ag 0 |. 


Data Vequivalenza tra gli strati, potremo scrivere 


(6) exp [+ iAg@ #0] = 


= exp[+iAg’*]-exp [F iAg 1. 4]... exp [=F A gita, #0] = exp [FiAP9]; 


ed elimineremo così dalla (5) le sommatorie rispetto all’indice j: 
(5°) I=VV*{N,+ a q) (exp [- [— iAg®]+ exp [+ iAp])}. 


Passando quindi specificatamente a trattare del caso di successioni stati- 
sticamente disordinate degli strati, considereremo separatamente i casi in cui 
Vordine di influenza (s) nella successione probabilistica dei medesimi sia 1, 0 2, 
o maggiore di 2. 


2. — Trattazione del caso con s= 1. 


Nel caso semplice in cui la sfera di influenza probabilistica si estenda solo 
tra uno strato e l’adiacente, il calcolo dei valori medi exp [+ è Ag], secondo 
la (6), è particolarmente semplice. Infatti in tal caso ogni termine del tipo 
exp [+ i Ag+] è indipendente dagli altri; in queste condizioni, la media del 
prodotto rappresentato nel 2° membro dell’eguaglianza (6) è data dal pro- 
dotto delle medie dei singoli termini: 


(6) exp [+ ig] = (exp [E Ag) 


is 9 ha ; 
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Siano n le possibili traslazioni mediante le quali ogni strato succede al pre- 
cedente, e sia #, (h=1,2,..., n) il vettore che rappresenta la generica trasla- 
zione. Se g, è la fase corrispondente alla traslazione t,, si avrà 


(7) exp [F iAg®] = > Di exp [+ tga], 


essendo p, la probabilita che si verifichi la n-esima traslazione. Dalla (7) si 


O [Fi Ag®]|<1. La (5') può ora essere 


deduce subito in particolare che 
scritta: 


(8) I=VV*{- N+Y(N— 9 [(exp [— iAp®])+ (exp [+ iAg®))c]}. 


a=0 


Ricordando ora che, per |a|< 1: 
(9) S(a) = lim = Y[(N— i)ai]=(1— a) 


la (8) diviene, per N, molto grande e per tutti i valori di S per cui 
jexp[+ iAp®]|< 1: 


(8!) [= vire): TIE BOI RA dk 
| 1—exp[—iAg?] 1 — exp [ + iAg®] rik 


ovvero, sviluppando i calcoli ed indicando con /,, Vintensita media diffratta 
da ogni strato: 


Dee 1- exp[= iAp®]-exp [+ Ag™] 


Gi, CE __1~exp[— iA?) e 
1+ exp[- iAp®]-exp [+ fg] —2 Re (exp [iAg™) 


i 
N; 


(Re=<« parte reale di»). Per i valori di S per cui sia exp[+ dAg®]=1 
È nn . . An . | È, 3 
dalla (8) si ottiene invece la nota formula dell’interferenza classica di Bragg. 


Se infatti scriviamo: exp[+ i Ag]= exp[+ ix], la (8) diviene: 


(87) f= PVR 


4 
gs 
is 
co 
| | 
Li 
= 


Qualora invece si avesse 


lexp [F iAp™]| =1, | 
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per ogni valore di S, allora intensità diffratta sarebbe sempre espressa dalla (8%) 
e la struttura sarebbe tridimensionalmente ordinata. Infatti in tal caso (vedi 
la (7)) dovrebbe aversi: p,=1, p.(h-4%)=0; oppure, che è fisicamente la 
stessa cosa, gn = (h e k qualunque), e quindi t, —t,. 


8. — Trattazione del caso con s= 2. 


Quando la posizione relativa di uno strato è influenzata probabilisticamente 
dalla posizione relativa dei due strati che lo precedono, la media rappresen- 
tata in (6) non può valutarsi nel modo semplice ora descritto. In questo caso 
infatti ogni termine di frangia exp[+ 7 Ag**+D] è influenzato dal termine di 
frangia precedente exp[+ à Ag* 1%]. 

Indicheremo nel seguito con f, la frequenza di comparizione della trasla- 
zione t,, e con px la probabilità che alla traslazione #£, succeda la t,; le gran- 
dezze f e p sono collegate dal sistema di » equazioni: 


(10) fx = D fr Prx (K=1,2,..., N); 


h=1 


dal quale, note ad esempio le probabilità di successione p,;, possono immedia- 
tamente ricavarsi le frequenze fi. 

Indicando quindi ancora con g, i valori degli angoli di fase corrispondenti 
alle traslazioni #t,, la media indicata nell’espressione (6) si trasforma nel caso 
nostro nel modo seguente: 


(11) exp[+iAg®]=YY Dd... frexp[F igs] Dax exp (F igs] per exp [+ ipi...; 
CRE ae 


dove in ognuno dei termini della sommatoria sono inclusi q fattori del tipo 


exp | + iœ.]. 
Definendo ora un vettore riga cosi costituito: 


(12) F= |f, exp[— ip] Î. exp[— ipa]... fa exp[— tn] | ; 
una matrice quadrata Q così definita: 
(13) QO =|Qw| =|Pa exp[— 2] | 5 


e un vettore colonna À costituito da termini unitari, l’espressione (10) pud 
essere così sinteticamente rappresentata; 


(14) = exp[— iAg®] = FQ,  (exp[+iAg©]= F*0*):1); 
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mentre l’espressione (5’) si trasforma, in questo caso, nella 


a 1=Vy*{Mm+Y(N- (FO + F*(Q91)} = 
(ole 
Ns—i x N31 ta 
= VV*{NM+F(S (NO) + F*(X (= 9100) 
q=l 


gel 


Ogni termine della matrice Q*, quando q tende all’infinito, tende in gene- 
rale a 0, in una struttura statistica. 
Infatti dalla definizione (13) discende: 


0 IR DIOR 


ty Ue DES 
(ns lg... lg-1=1,... N) 


=| >... ¥ pm, exp(— tpi]... pi, x xp[—i]|< Di Dip Pa Pia = Per 
Di 1 


q-1 li tg-1 


Ma p® rappresenta la probabilità, minore o al più eguale a uno per defi- 
nizione, che alla traslazione t, succeda, dopo q traslazioni, la traslazione t,. 


Questo significa anzitutto che 


| (Q%) nx | < 1 ’ 


qualunque sia q. 

Ma in una struttura statistica i termini exp [— iy,] (vedi espressione (16)) 
non sono in generale in fase tra loro; di conseguenza in generale il modulo 
di (0°), diviene sempre più piccolo, al crescere di q, rispetto a pi7. Ciò esprime 
la convergenza a zero, al limite di g +00, di (Q2),,. In queste condizioni si 
verifica inoltre la convergenza della serie matriciale: 


ed inoltre risulta convergente allo stesso limite la serie: 


Nail 


: | x 
S(Q) = lim — Y (N; q)Qe1= 2 = (E- Q)-1; 


Wyo LY 3 q=l 


— 
ui 
CSI 

— 


in tutta analogia con la serie numerica (9). 
L’espressione (15) si trasform: indi, per N, me 
pressione (15) si trasforma quindi, per N, molto grande, nella 


(15) IE = = ei + 2 Re [F(E — Ovals 
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Tuttavia in una struttura statistica vi possono essere, come nel caso di 
s=1, dei valori di S tali per cui la serie (17) risulti divergente. Tali valori si 
possono ottenere nel modo seguente, in analogia al caso semplice rappresen- 
tato dalla serie numerica (9). Quest’ultima diverge quando si abbia a =1, nel 
qual caso l’espressione all’ultimo membro della (9) diventa indeterminata. Il gene- 
rico elemento della matrice (E— Q) (o della (E— Q*)) è uguale al rap- 
porto tra il minore complementare del corrispondente elemento della matrice 
e il determinante della matrice stessa. Affinchè l’espressione (17) divenga in- 
determinata, sarà quindi sufficiente che il determinante della matrice (E — Q) 
si annulli: questa è infatti la condizione di indeterminazione per ogni elemento 
della matrice (E— Q)-1. Diremo pertanto che la serie (17) diverge per tutti i 
valori di S per cui. si abbia; 


(18) Det (E — Q) = Det (E — Q*) — 0. 


In tutti questi punti dello spazio reciproco il calcolo dell’intensità media 
diffratta non può più effettuarsi secondo la (15); tale calcolo va allora effet- 
tuato caso per caso, ottenendosi in generale i picchi caratteristici delle rifles- 
sioni di Bragg. Vedremo nella II nota esempi concreti di verifica di questo 
evento, in alcuni tipi di strutture statistiche. 


4. — Trattazione del caso con s> 2. 


La trattazione matematica fin qui esposta può ancora estendersi al caso 
più complesso in cui la posizione relativa di uno strato è probabilisticamente 
influenzata dalle posizioni relative degli s strati che lo precedono (s> 2) op- 
pure, che è lo stesso, la traslazione tra due strati consecutivi è influenzata 
dalle precedenti (s—1) traslazioni. 

Applicheremo nel seguito alle sequenze di vettori di traslazione la rappre- 
sentazione per « complessioni » già introdotta da JAGODZINSKI (4) per le se- 
quenze di strati occupati definite posizioni. Indicheremo con J,, la, ..., U,,..., la 
i numeri indice dei vettori di traslazione t,, che hanno luogo rispettivamente 
tra primo e secondo, secondo e terzo ... g-esimo e (¢-+-1)-esimo strato, a par- 
tire da un vettore di riferimento, arbitrariamente scelto; l’indice /;, con j qua- 
lunque, è variabile tra 1 ed n, se n sono le traslazioni possibili tra uno strato 
e il successivo. 

Indicheremo nel seguito con %,, il numero indice, variabile da 1 a n, delle 
possibili complessioni di q traslazioni successive, nel caso che sia q<s—1: 


(19) ZA 
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Omettendo per semplicità di indicare l’indice suffisso q quando sia qg=s— 1, 
indicheremo con f, (w= (ll, ... l-1)) la frequenza di comparizione della com- 
plessione di s—1 traslazioni successive caratterizzata dall’indice w. Sia ora Py, 
la probabilità che a tale complessione succeda la traslazione l,; la complessione 
di ordine s: ul; = (lil: … lil) potrà essere caratterizzata ‘mediante la succes- 
sione delle due complessioni di ordine (s—1): w= (lil... ls-1); ui = (lle. 
e potremo quindi associare indici omogenei alla probabilità ora definita: 


(20) Pu, = Poul 2 


Indicheremo inoltre con qu (Guy PET ¢< %—1) la somma degli s —1 angoli 
di fase corrispondenti alle traslazioni che costituiscono la complessione di 
indice w: 


(21) Woo ME nes aa + Pa Jet e Per 


Le grandezze f e p sono legate tra loro da relazioni analoghe alle (10): 
int 
99 = / 
(22) hu LE » ae D 
u=1 


Se le probabilità p sono note, o comunque dedotte, le relazioni (22) costi- , 
tuiscono un sistema lineare omogeneo di n°! equazioni in altrettante incognite f. 
Si può facilmente dimostrare che il determinante dei coefficienti delle incognite 
di tale sistema è nullo necessariamente, se i valori p sono correttamente asse- 
gnati: quindi, date le probabilità p di successione, le frequenze di comparizione f 
sono dedotte in modo univoco. Valuteremo quindi nel modo seguente la media 
indicata in (6), distinguendo anzitutto tra i casi in cui si abbia g<s—1 e 
q>s—-1. 


Nel caso in cui sia g<s—1 si avrà, evidentemente, 


n° 


(23) exp [as iAp®] = DS lia exp la ip tl x 


Uqy=l 


Le frequenze tug (4 <S—1) Si possono facilmente calcolare in funzione 
delle frequenze f,, supposte note, dalle relazioni: 


9 = = 
di lato (e fu, ca la - 2 ae à Tae alati. Wy. ° 
sa 


g+1 


Nel caso in cui sia g>s—1, la media (6) puo essere invece così rappre- 
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I 
© 
Qt 


sentata : 


(23) exp [= iAp®] = D: tee D Ta 5-1 EXP [— U(r, space = Pis) Pt ote : 


ly la 
“exp, [— dpi exp= Piga PrO = Pl = 
= > > SA > ips exp (i Wc Verran EC Caen © 


U(1) U(2) U(g—s+2) 


avendo indicato con Q,,, le grandezze 


(24) Qui = Puw EXD [— tpi] (u = (hy... la); = (la... h)). 


Introducendo ora, in analogia al caso trattato nella sezione precedente, il 
vettore riga di ordine n#1: 


(25) F'=\|f, exp[—igu]|; valli 
la matrice quadrata Q’, pure di ordine n: 
(26) Q'— | Qu | 


e il vettore colonna 1, dello stesso ordine, la (23’) può scriversi sinteticamente: 


(27) exp [— Ag] = F'Qrenn1; 


Fat 


e finalmente l’espressione dell’intensità media diffratta (5) diviene: 


(28) Î=VV* 2 > (N=) | > re G08 Pr) ia 
q=l re 


Na—1 | 
SR nel Y (NM) FQ 1 i. 


q=s—1 


Svolgendo quindi considerazioni analoghe a quelle gia indicate nella sezione 
precedente, la (28) si trasforma nell’espressione seguente delPintensità media 
diffratta per strato elementare, valida per s qualunque (N; — co): 


Di s—2 ni 
(28) TRE pe N no >( > foxy 008 rs) + 2 Re[F'(E— ui. 


N a=1 \U(g =1 


Il termine di più laboriosa valutazione nella espressione (28') è di regola 
il termine F'(E — Q') 1, data la necessità di calcolare la matrice inversa 
(E — Q'}1. Si fa tuttavia osservare che, nonostante l’ordine della matrice Q’ 
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sia n°1, il numero di termini non nulli in essa contenuti, anzichè essere n**~?, 
è al massimo n°; questo fatto riduce molto la complessità dei calcoli. Infatti 
ogni termine di probabilità p,,,, per avere significato fisico — e quindi essere 
non nullo — deve soddisfare alla ovvia condizione che la coppia di indici (uu') 
corrisponda ad una complessione di s traslazioni consecutive (1, ...U,). Ma tali 
complessioni distinte sono in numero n°; tanti sono perciò i termini non nulli 
della matrice Q’. 

Le condizioni di divergenza, al tendere di N, all’infinito, della sommatoria 
rappresentata dall'ultimo termine della (28), sono in tutto analoghe a quelle 
indicate a proposito della (15), e si esprimono ancora matematicamente colla 
condizione: 


(29) Det (E — Q") = 


in corrispondenza ai valori di S che soddisfano a tale condizione la radiazione 
diffratta ha in generale lo stesso andamento a picchi infinitamente concentrati 
caratteristico di qualunque struttura ordinata. 


B) Il problema matematico dell’intensità dei raggi X diffratti da strutture 
con disordine monodimensionale, costituite da strati di tipo diverso. 


1. — Trattazione del caso con s=1. I possibili vettori di traslazione tra strati adia- 
centi non siano univocamente determinati dalla natura degli strati stessi. 


Il problema trattato in questa sezione amplia la trattazione di HENDRICKS 
e TELLER (!) in quanto considera la possibilità che due determinati tipi di 
strati non si succedano secondo un’unica traslazione, ma secondo più possi- 
bili traslazioni, con differenti probabilità. 

Siano 1, 2,...,9,...,m i numeri indice degli m diversi tipi di strati che si 
succedono statisticamente nella struttura considerata; allo j-esimo tipo di strato 
corrisponde un fattore di struttura, riferito ad un’origine solidale con lo strato 
stesso, Masino notre te er oe t,, le n,, diverse possibili traslazioni 
secondo cui uno strato di tipo j può succedere ad uno strato di tipo i. Cor- 


iS à à e >» ina 7 ay) Ei ETERO (ij) 
rispondentemente definiremo le probabilita POUR =, ..4 nu) che allo “strato 


di tipo à segua lo strato di tipo j con la traslazione di indice h. 


Definiremo quindi le funzioni di frangia medie associate alle traslazioni 


ora definite, analoghe alla exp [+ i Ap®] della (4-6 ) ma limitate alle traslazioni 
tra strati di tipo determinato: exp [+ 7 


( : 4 
i Ag |. Evidentemente si ha 


(1) exp [+ SE iAg®] = = S pe i) exp [+ oi); gi? — DE atti) x Ss. 


n=1 
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Un sistema omogeneo di equazioni lineari collega le frequenze di compa- 
rizione f degli strati di tipo generico ? con le probabilità pf’. Tali equazioni 
assumono la forma seguente: 


m N ji 
(2) PS) RUE 
Dal h=1 


e sono evidentemente tante quanti sono i tipi di strati. 

Passando quindi al calcolo dell'intensità media totale diffratta, valuteremo 
separatamente, come nei calcoli effettuati nel capitolo precedente, i contributi 
medi alla diffrazione di ogni strato con se stesso, coll’adiacente, col biadia- 
Cenvey ECC: 

Il contributo medio totale alla diffrazione di ogni strato con se stesso, 
essendo N; il numero totale di strati, vale: 


(3) De = NGS > 5 VO Vor : 
j=l 


Risulta utile esprimere tale contributo in una nuova forma. Siano: 
V il vettore riga costituito dagli elementi: VV... V™; 
V il vettore colonna corrispondente; 
F la matrice diagonale di ordine m: FP = f 66, 


L’ordine di questi vettori e matrici eguaglia evidentemente il numero totale 
dei tipi diversi di strati. L’espressione (3) si può scrivere allora: 


(3) Lo = N,VFV* | 
Il contributo medio totale alla diffrazione di ogni strato coll’adiacente vale: 
È Fon AN — 1) Re{S FOV [> exp [= api] Vr}: 
cal j=1 . 


tale espressione può essere pure rappresentata in forma sintetica introducendo 
la nuova matrice quadrata Q dello stesso ordine di F: 


— 
OU 
_ 


La (4) diviene quindi: 


Lo = 2(N;— 1) Re (VFQV*} . 


= 
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Passando ora a calcolare il contributo medio alla diffrazione tra strati bi- 
adiacenti, otterremo un'espressione identica alla (4') in cui, in luogo delle medie 


exp [— iAg] dovremo introdurre le funzioni medie di frangie exp fice Ap], e, 
in luogo del coefficiente (N3 — 1), un coefficiente (N;— 2). Se indichiamo con Q' 


una matrice analoga alla Qin in cui i termini exp je [Ap], siano ordinatamente 


sostituiti dai termini exp [— 14 gp? potremo quindi scrivere: 


(6) T-) = 2(N,— 2) Re {VFOV*}. 


Definiremo ora la relazione che intercorre tra le medie exp fe ig? e le 


corrispondenti exp = Ag]. Poichè, ad esempio, ad uno strato di tipo 1 può 
succedere, dopo due strati, uno strato dello stesso tipo secondo le possibili 
successioni: 


DA 


si deduce la seguente relazione: 


m 
(2) 


exp [— iAg?] = > exp [— iAp®] exp [— iAp®]. 


— 
= 
A 


Ne deriva immediatamente, per la regola del prodotto di matrici, che la 
matrice Q' è rappresentata dal prodotto della matrice Q per se stessa: 


(8) o=Qx0=@° 
Per induzione generale potremo quindi scrivere: 
(9) Im = 2(N3— n) Re {VFQ"P*}, 


e l’espressione dell’intensità totale diffratta diviene: 


N31 N3-1 


(10) [= iq = N,VFV* +2 > (N,—n) Re VFQ*V*4 = 
n=0 n=1 
Na=1 a) 
— 2 Ke {VF [ V(N_-n) Q"] Fe — N,VEV*. 
n=0 


In tutta analogia espressi ssi i ; 
tta analogia con l’espressione (4-15), l’espressione (10) risulterà con- 
vergente, per N, tendente all'infinito, quando sia soddisfatta la relazione: 


(11) Det (E— Q) +0 
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ottenendosi il seguente valore per /,,: 


m 


I - AE 
(12) = — 2 Re{ VF(E — Q)-V*} — > FOV AV 


La trattazione di HENDRICKS e TELLER, considera, come già detto, che 
tra due strati di tipo determinato possa aver luogo una sola traslazione; questo 
imporrebbe la necessità di considerare di tipo diverso tutti gli strati che pos- 
sono succedere ad uno strato generico purchè differenti siano i relativi vettori 
di traslazione. Vedremo nella nota successiva un esempio concreto che dimostra 
la notevole portata delle semplificazioni introdotte (°). 


2. — Trattazione del caso con s>1. 


Lo sviluppo di quest’ultima, più generale sezione discenderà in modo 
diretto dall’applicazione dei concetti già esposti nelle sezioni (4-4) e (B-1) 
di questa nota. 

Al fine di non complicare troppo il simbolismo, limiteremo il nostro studio 
al caso in cui siano presenti due soli tipi di strati, x e 6; indicheremo con V* 
e V’ i corrispondenti fattori di struttura. 

Distingueremo quattro diverse classi di vettori di traslazione: (xx), (x), 
(Ba), (BB), a seconda dei diversi tipi di strati da essi collegati. Sia n,,,, Zap; 
Mpa) © pp il numero totale corrispondente di possibili traslazioni; sia inoltre 
N = Mo + go + pa À pp 

Introdurremo anche in questo caso la rappresentazione di complessioni di 
q traslazioni consecutive con g<s—1, mediante l’indice «, variabile tra 1 
e n°. Attribuiremo poi all’indice w,,, volta a volta gli ulteriori indici (xx), (x), 
(Ba), (BB), distinguendo così l’insieme delle complessioni di ordine g nelle quattro 
classi corrispondenti, a seconda che la somma dei vettori di traslazione che 
compongono la complessione considerata colleghi strati di tipo indicato. L’in- 
dice «, assumerà valori sempre crescenti nell’ordine tra le quattro classi rap- 
presentate; sarà cioè: 


Ug (XX) < We (KB) < Ug (Ba) < Ua (BB). 


Il numero di complessioni contenute entro ciascuna classe sara rispettiva- 
mente q(x), not), Na(Bx), (PP). La somma di questi 4 numeri eguaglierà 
naturalmente n°. Scriveremo nel seguito per semplicità Vindice w senza il suf- 
fisso (g) quando si abbia g=s— 1. 

L’angolo di fase corrispondente alla somma delle traslazioni rappresentate 
dalla complessione (w,,) potrà ancora definirsi in tutta analogia con quanto posto 
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nel precedente capitolo: 


(13) REA a aa at Wg es Urey Alls E 
(a) 1 2 

e così pure le grandezze p,y € Qu: 

(14) Vo = Qt: SRI = PE LA exp = iq 1. | È 


Un sistema di equazioni, analogo al sistema (4-19), collegherà anche in 
questo caso le frequenze di comparizione f, con le probabilità di successione 
Puw. Le frequenze di comparizione delle complessioni di ordine g (<s—1) 
potranno essere ricavate da equazioni dello stesso tipo delle (4-22). Po- 
tranno inoltre in modo analogo essere ricavate le frequenze di comparizione 
f* ed f" degli strati stessi: 


(15) li =; DA min DI lata) ’ 1 DE Sr ni >: tx x 


usa) uCxB) u(Ba) u BB) 


Cid premesso, in analogia concettuale con quanto sviluppato nel capitolo 
e nella sezione precedenti, potremo effettuare il calcolo dei contributi medi 
totali alla diffrazione di ogni strato con se stesso (J,) coll’adiacente (Z,), col 
biadiacente (7,)..., col g-adiacente (Z,), ecc.: 


(16) I, == NS APE a ff VV) 5 


(17) Lig=s3—1) = (No) VP" (2 > 7 co me. 


U (XX) 


Vers SEE Ves DE 108 | 1 ve til 9 ye Qe 
no | 2 2 Fuga) COS 9 ugapy4 T HS = DS fa BB) COS D, cap ds > 


ua (x) ut BB) 


è facile infatti dimostrare che 


] », GOS ¢ = SS ‘OS |— 
> jus lugtap) Li Tee COS g ug (Ba) * 


u (x) U g(x) 


Per il calcolo di 1, (¢>s—1) osserveremo anzitutto che la correlazione tra 
le funzioni di frangia corrispondenti alle possibili complessioni di traslazioni 
successive è esprimibile mediante l'introduzione di una matrice 0, analoga 
alla Q’ definita dalla (4-26); due vettori Opportunamente definiti ci consenti- 
ranno poi di esprimere in modo appropriato i prodotti dei fattori di struttura 
per le funzioni di frangia corrispondenti. 

Sia V, il vettore riga così costituito: 


(Me—1)(00) + Men xP)) termini (Moa Bec) + n «—1( PB)’ termini 
= %P)) vermini 
NR ies SN nea ae ae 
Poe ete Re es 


CLS) RP ena nr TE Re o VE PER 
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V, il vettore riga così costituito: 


(n4-p(%)) termini (ns-»p(%P)) termini 
OEM Vaart Ven rione ai, Ve AE AVS 
(ns-»(Px)) termini (ns-1(PB)) termini 
Vee ea e VALE 


Siano quindi F e Q le matrici quadrate, dello stesso ordine (n°) dei vettori 
già definiti: 


(20) F = a | = Da duo E Q 1Q yuu! ale. 
Ciò premesso, si avrà: 
(21) I.(g>s—-1)=2 Re{(M—-gMFQ"V%}. 


Il valore dell’intensità media diffratta per strato diventerà pertanto (vedi 
formula (17)) 


RE Le ie. 5 
DO) ip a ga = DR = SN 
(22) I= 7% DIA nz if nil | 2 Re (MF(E— Q)=V}) 


Questa formula sara valida, anche nel caso presente, solo in condizioni di 
convergenza espresse dalla (18) del capitolo precedente. 


SUUMMANTIEANE EN 


In the present paper, which constitutes the theoretical part of a series of three 
notes on the same topic, a new mathematical treatment of the calculation of the 
X-ray diffracted intensity by monodimensionally disordered structures is given. This 
method, which generally allows very simple calculations, utilizes the matrix method 
in a form that differs very much from that already discussed by HENDRICKS and TEL- 
LER (1): first of all, because here we consider, from a probabilistic point of view, the 
succession of the possible translation vectors between adjacent layers, instead of the 
succession of the layers in different absolute positions; in the second place, because 
here any matrix diagonalization is avoided; lastly because the present method is 
extended to the most general case of any value of s (order of influence in the layers 
succession) and of different layer types. 
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Canonical Variables in Relativistic Quantum Theory (’). 


K. BARDAKCI and R. ACHARYA 


Department of Physics and Astronomy, University of Rochester - Rochester, N.Y. 


(ricevuto il 5 Luglio 1961) 


Sctmmary. — À simpie general method is presented for the explicit determi- 
nation of the operator corresponding to « position » in any relativistic 
one-particle theorv. It works in all the well known cases. 


1. — Introduction. 


Several papers have appeared during the last decade on the subject of 
«localized states » in the framework of relativistic one-particle theory. Notable 
among them are the works of NEWTON and WIGNER (!), and FOLDY and 
WOUTHUYSEN (7). Recently it has also been demonstrated that one could 
talk about «localized states » even for particles of zero mass and spin one or 
greater in the form of a «front » description, thereby providing a unified de- 
scription of « position » in relativistic quantum theory (3). 

The object of this paper is to present a method for the determination of 
« position » in the sense of a generalization of NEWTON and WIGNER (1), which 
is capable of yielding results independent of any relativistic wave equation. 


2. — Nature of the method: Dirac equation. 


We shall illustrate the method by considering the Dirac equation for a 
spin + particle with the non-singular Hamiltonian 


(1) H= (xp) + pm. 
(*) Supported in part by the U.S. Atomic Energy Commission. 
(1) T. D. Newron and E. P. Wiener: Rev. Mod. Phys., 21, 400 (1949). 
(?) L. FoLpy and 8. A. WOUTHUYSEN: Phys. Rev., 78, 29 (1950). 
(5) R. AcHaRya and E. C. G. SUDARSHAN: Journ. Math. Phys., 1, 532 (1960). 


CANONICAL VARIABLES IN RELATIVISTIC QUANTUM THEORY 803 


The method is easily adaptable to higher spin equations, as we shall see 
shortly. 

We shall call an object qg; a «position operator » if it obeys the following 
three postulates: 


(a) lai, a] = 0, 
(b) [a:, Pi] = dd; , 
(c) [la:, A], A] = 0. 


The last postulate implies that the acceleration of a « free particle » vanishes 
identically. (Recall that an «elementary system » is one which provides an 
irreducible representation of the 3-dimensional inhomogeneous Euclidean 
group) (°). 

If we now notice that the position operator q; is a « polar vector » and is 
arbitrary up to a unitarity transformation in p? (*), we can write 


(2) Qi = + fi(%, B, p?) . 


(4) Within the framework of classical Dirac theory, it appears that all position 
operators with commuting components are trivially related to the Foldy-Wouthuysen- 
Newton-Wigner-Pryce « mean » position operator. The argument is as follows and 
was kindly pointed out to us by Professor SUDARSHAN. 

Let us work in the C-representation of the Dirac theory and let 6 be a position 
operator satisfying all the three postulates mentioned in the very beginning and further 
it should satisfy: 


i.e., the « evenness » condition. It is also necessary to keep in mind (although not 
explicitly mentioned in the text) that the position operator should be hermitian, i.e. 
&}=&,. Now, the only «even» operators in the C-representation are x, 0,p and B. 
The most general choice of È is (remember € is a polar object) 


6 = x + {a,(p®) + Bas(p®)}p + {bi(p? + Bbe(p?) (ox p) - 


(Notice that [§ — x, p]—0 so that § — x should not contain any dependence on x.) 
Terms like c(p?)o are not allowed because they are axial vectors. a(p?) ete., are invariant 
functions of p-p=p?. Now compute the commutator [&;, €;]. By elementary methods, 
one finds that [&, €,]=0 only if b,(p?)=0=b,(p?). 

Thus the most general form for a commuting & is 


6 = x + {ax(p®) + Bar(p?)} p - 
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The idea of the method is to start from the three postulates and « work 


backwards. » 


(2a) 


[d:, H] =— OV; 


where V, is the « velocity operator », 2.e., 


(3) 


Trivial manipulation of (3) yields (remember postulate (c)) 


(4) 


From (3) and (4) 


di — 


HxH — H-*q,H* = HV, . 


H-q;H = iH" Y,;. 


q: — H-q,H? = 2iH-1V,, 


Heine SES 


qi— (p° +m?) q(p? + m*) = 22 HIV, ; 


iv, ie. 
a a; | 

== 4 — = 3 
\E EJ 


One can see that & and x are related by means of the unitary transformation 


U= exp 


1 
È | d(p*)Lay(p*) + posto) 


Ei Ux ieee 


This is of course consistent with all the properties demanded of & since all these are 


invariant under unitary tr 


ansformations which are invariant under Space rotations. 


Notice that this unitary equivalence was of course to be expected since & was defined 


only in terms of algebraic properties like commutation relations. 
in a certain amount of 


This certainly brings 


arbitrariness in the configurational space description of localized 
states but in no way alters the momentum representation of Newton and WIGNER (DE 


7 
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where 


2 Hee ts. 


ts 


The solution unique up to a unitary transformation in p? of (7) is immediate: 


(8) q.= a, + SH a. 


‘ 


Note that the position operator so obtained satisfies postulates (b) and (c) 
but not (a): its components do not commute. This is easily taken care of. 
The «trick » is to find a special solution AK; which when added to (8) makes 
things «all right». This is done in the Appendix. The final outcome is that 
the position operator q; obtained by this simple method has the following form: 


9 eras ai ipa,  iB(xp)p: + (oXp):p 
(9) EM na : eae 
2H 2E(E + m)p 


which is identical with Newton-Wigner-Foldy-Wouthuysen’s « position ». 


3. — Duffin-Kemmer equation: spin 1 and finite mass. 


The extension to higher spin, finite mass case is straightforward. The 
« trick » here is to first project out the singular part of the Hamiltonian before 
working things out. 

For purposes of comparison with the previous literature (5), let us consider 
the « C-representation » Hamiltonian for the Kemmer equation (°): 


(10) H=£,E. 


The operator which projects out the zero eigenvalue of f, is 


1 
(11) A = 1 — Pi + Ba(4xPxr) 5 


(5) M. H. L. Pryce: Proc. Roy. Soc., A 195, 62 (1948); L. M. GARRIDO and P. PASCUAL: 
Nuovo Cimento, 12, 181 (1959). See also M. A. MELVIN: Rev. Mod. Phys., 32, 477 (1960). 
(6) N. KEMMER: Proc. Roy. Soc., A 173, 91 (1939). 


52 - Il Nuovo Cimento. 
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where 
an 
AK = = Sx, , 


(12) 
NO, == WB ep BPR) ; 


The Hamiltonian in the space orthogonal to the null space PB, is 


1 
(13) H'=H1-A)=fR}E (1 ae Bab) ; 


where use has been made of Br, Bi=0, (AK. 
This gives 


One could proceed to calculate XK; in the same fashion as in the case of 
the Dirac equation (see Appendix) but it is easier to see by inspection that 
K, is the «spin» contribution, namely (1/Em)(P XS),. The final result in the 
case of spin one and finite mass: 


Bi 1 I ° 
pro : e ee (Peo 
(15) dgr eo a 2Eèm (PP): 35: Pit Em. - 


coincides with that given by PRYCE, apart from trivial factors. Notice the 
occurrence of the non-hermitian term in p;, which also occurs in the expres- 
sion given by PRYCE. It can be ignored if one chooses proper normalization 
for the wave function, as pointed out by PRYCE himself (?). 

We have here chosen to work with the Kemmer equation (9). One could | 
equally well have worked with the «reduced » form of this equation, given | 
by SAKATA and TAKETANI (?) and CASE (8), Here again, our method yields | 
results identical with that of CASE. 


j 
| 
| 
| 


4. — The photon equation: spin 1 and zero mass. 


We have restricted ourselves in the previous sections to particles of finite | 
mass. In the case of vanishing mass and spin one or greater, it has been de- 
monstrated elsewhere (1) that « cartesian position » does not exist. One sees 


(7) M. Takerani and $. SAKATA: Proc. Phys. Math. Soc. (Japan), 22, 757 (1940). 
(8) K. M. Case: Phys. Rev., 95, 1323 (1954) 


3314 


CANONICAL VARIABLES IN RELATIVISTIC QUANTUM THEORY 807 


by introducing generalized co-ordinates which possess well-defined conjugate 
momenta, that one can still talk of «position ». In fact, in the «front » de- 
scription, the three indices which completely specify the « position » of an 
«elementary » particle are the «distance traversed » (0) and the « unit nor- 
mal» (D), 


(16) 


The conjugate « momenta » are respectively the magnitude of the momentum 
| P\=| > p° and the total angular momentum, J. 

Before we proceed to obtain the above result by the methods of this paper, 
we have to cast Maxwell’s equations for the electromagnetic field into a 


Schròdinger equation for the photon. Following SUDARSHAN and Goop *1°), 
one can show that Maxwell’s equations, 


(17) F,=0,4,—0,4,, 0,F,=0, 


where À, is the four-vector potential of the electromagnetic field and can be 


(9) E. C. G. SupARSHAN (unpublished). See also R. H. Goop Jr.: Phys. Rev., 105, 
1914 (1957). 

(10) There exists another method of reduction. One starts off from the Kemmer 
equation for a particle of spin 1, in the Hamiltonian form: 


. Oy 
Hy = (cxPxr + Pam)y = : 


By means of the pseudounitary transformation (1) 
m 
DURE U = exp [ PrPx tg! (" : 
p p 


one obtains the following Hamiltonian: 


Let 
Vo = 3 (1+ Bs)y- 


Then, y, satisfies, in the zero mass limit: 
Hyo = S'P Vo: 


(11) Compare S. K. Bose, A. GamBa and E. C. G. SUDARSHAN: Phys. Rev., 113, 
1661 (1959). 
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cast into the form 


with the supplementary condition 
(18) OrVr = 0; 


where 
PT fa AV? *{, SE LE mA ’ 


[Sy 85] = 6,583 - 


The supplementary condition ensures that the photon is always transversely 
polarized with just two independent polarizations. 
We now write in anticipation 


(19) E,= de p+ px) +f(lrl pss); É=, 
where &, is the radial component of the position operator and È its direction. 
The equation 


still holds. 
It is possible to get rid of the second term in the equation for È, in (19) 
by means of a unitary transformation. This transformation is explicitly given by 


i | Hp 


(21) U= exp 


,D's,s)dlp||, 


where the integration indicated is carried out regarding the variables PP, pS, 8? 
as independent variables and preserving the order of non-commuting factors. 
(21) can easily be verified using the commutation relations 


[kia p + p-x), Ipll=i; [p, dlx-p+6-x)] =0. 


We still have to show that these relations continue to hold when the Hilbert 
space in question is restricted by the Supplementary condition (18). For this 
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purpose, introduce the projection operator À given by 


(22) Ap = px (px), 


where d is the «vector» wave function. A clearly projects out that part of 
the wave function space which satisfies (18). In this « projected » space, our 
position operator reduces to the form 


(23) a 


But since A commutes with both the angular and the radial part of &, 
(ie p]—0), & reduces to £A?. Recalling that A2=1, in the « projected » 
Space, our assertion follows. 


5. — Conclusion. 


We have presented a simple method for computing « position operators » 
in the framework of relativistic one-particle theory. The method works for 
particles of all masses and all spins. 


The authors’ great indebtness goes to Professor E. C. G. SUDARSHAN for 
his continued guidance and encouragement. It is a pleasure to thank Dr. B. P 
NIGAM and Mr. 8. V. PEPPER for constructive criticisms. 


APPENDIX 
Dirac eyuation for spin À. 


One can easily see that the most general operator Æ which depends on 
p, à, 6 and m, and which commutes with H is of the form 


(A-1) K = T— —[(p), T], 


where 7 is also a function of p, x, 5 and m, and further commutes with f. 
It is easy to see that A commutes with H by explicitly taking the commutator. 
The fact that this is the most general form for A can be seen by expansion 
in powers of 1/m and requiring that it should commute with H. 

The most general form of 7 is seen to be 


(A-2) T = BpZ(p) + (0X p)Z,(p2) + Blox p)Z.(p) , 
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substituting this into (A-1), and requiring that [g;, 4;,]— 0 one can easily deter- 


mine Z, Z1, 22. 
The final result is 


_ Pau iB(ap)p:+ (Xp) 
EVE DI), 2E(E + m)p 


? 


which is the Newton-Wigner-Foldy-Wouthuysen « position ». 


RIASSUNTO) 


Si presenta un metodo generale semplice per la determinazione esplicita dell’ope- 
ratore corrispondente alla « posizione » in qualsiasi teoria relativistica a una particella. 
Il metodo si adatta a tutti i casi ben conosciuti. 


(*) Traduzione a cura della Redazione. 
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The Definition of Electromagnetic Radiation (*). 


F. ROHRLICH 


Department of Physics and Astronomy, State University of Iowa - Iowa City, Ia. 


(ricevuto il 6 Luglio 1961) 


Summary. —- Momentum and energy of electromagnetic radiation emitted 
from a charge are Lorentz-covariantly defined. The non-local measu- 
rement of a Lorentz invariant, the rate of radiation energy emission is 
proposed as a necessary and sufficient criterion for the emission of 
radiation at a given time. This measurement is a field measurement 
which can be performed at any distance from the charge and need not 
be made in the wave zone. It can be regarded as an operational definition 
of radiation in terms of rate of energy emission. These results permit a 
simple derivation of the equation of motion of a charged particle which 
avoids the self-energy difficulties. A question concerning the principle 
of equivalence and radiation in uniformly accelerated motion is answered. 


1. — Statement of the problem. 


Despite the general consensus of opinion that classical electromagnetic theory 
is well understood, there seem to be a number of problems which are repeatedly 
encountered, and which raise fundamental questions. One such problem might 
be broadly labelled «the definition of radiation ». It is characterized by the 
following questions: 


1) is radiation a Lorentz-invariant phenomenon? If one inertial ob- 
server sees radiation, do all inertial observers see it, such that there is no 
Lorentz transformation by which radiation can be « transformed away »? 


2) In order to tell whether a system radiates, is it necessary to go to 
very large distance (compared to the wavelength)? And if not, what measure- 
ments at small distance can determine the presence of radiation? Is this meas- 
urement unambiguous? Is it Lorentz-invariant? 


(*) Supported in part by the National Science Foundation. 
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The first question was raised recently by SyNGE (1). It was answered to 
a large extent by ScHILD (?). His invariance proof is basic to our later argu- 
ments. 

The second question has recently played a crucial role in certain arguments 
concerned with the principle of equivalence (*). In these arguments it was 
taken for granted that the presence or absence of radiation cannot be deter- 
mined at arbitrarily small distance from an accelerated point charge. Since 
it will be shown in Section 2 that this is not the case, some remarks will have 
to be made concerning the principle of equivalence. 

Finally, the covariant formulation of radiation permits a simple derivation 
of the equation of motion. 


2. — The momentum four-vector of radiation. 


Given a point charge e of known trajectory 2"(t), where 7 is the proper 
time, with velocity vo“ = de“/dr and acceleration a“=dv"/dt. The electromag- 
netic fields produced by the charge’s motion, F“’, are measured at a point P 
with co-ordinates x". Assuming for definiteness retarded fields (advanced fields 
would do just as well), the point P is uniquely correlated with a point Q on 
the world-line 2“(7), such that RY =a"— 2" is a null-vector, R,R“—0. The 
choice of retarded fields specifies furthermore R°>0O (we use a Minkowski 
metric 7” with signature +2, and we measure time in light-seconds). | 

The invariant distance | 
(2.1) 0 = — ORI = 0 
‘an now be defined. It is equal to the spatial distance between P and Q in the | 
special inertial system S, in which Q is instantaneously at rest. vo” will always 
refer to the retarded point Q. 

We can define a space-like vector n! 


‘ I 
(2.2) m'=— RH — ye, 
O 


which has the properties 


1 Senape Po oie Has sula y à 

è; di a AA ener spectah Theory (Amsterdam and New York, 1956). 
(?) A. ScHiLD: Jowrn. Math. A nalysis and Appl., 9, 127 (1960) 
(5) T. FULTON and F. RoHRLICH: Ann. Phys., 9, 499 (1960) | 


Cs 
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as can easily be verified. A” can therefore be written 
(2.4) hf). 
In this notation the Liénard-Wiechert potentials are (4) (Gaussian units), 
(2.5) A¥ (ey = év*/o. 


So far only the null-vector character of R” was specified. If retarded or ad- 
vanced potentials are to be used, one writes 


(2.6) Rt = (seh, R), k=]|R|, 


where the upper (lower) sign refers to the retarded (advanced) case. As men- 
tioned above, we shall use retarded potentials in the following. 
From (2.5) one obtains for the retarded fields the antisymmetric tensor (4) 


2e 2e i 
(2.7) Fre (x) = — 3 niv — [Ga + nit¥(oa, + a”)]. 


where a, =a,n’ and the antisymmetrization symbol is as usual defined as 
ab" = 3 (alb’— a’b") . 


The first term in (2.7) is the (generalized) Coulomb field, the second term, 
which vanishes if and only if the acceleration vector vanishes, is the radiation 


field, by definition. 
The electromagnetic energy tensor is defined by 


(2.8) int” = HM BP hh OE 


Inserting (2.7) into this expression one finds the energy tensor at a point P 
due to the field emission at the retarded point Q on the world line e“(7) of a 


point charge e, 


; e? 262 
(2.9) 4x T4 (x) = (nen vo? — yer) 2 mo) [anutu” — u"(0Va, + a”)] + 


32 


( I È 
+ BF ulu(a — 4,0"). 


(4) F. RoHRLICH: “he Classical Electron, published in W. E. BRITTIN and 
B. W. Downs: Lectures in Theoretical Physics, vol. 2 (New York, 1960). This refe- 
rence contains various details and derivations of the basic equations used here. 
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The velocity and acceleration vectors always refer to the point 4, and 
(2.10) ul =n +o. 


Consider now a line element dz of the world line z(t). This is the infinite- 
simal invariant distance of two points Q and Q’ on this line. If one draws 
the forward light cones from Q and Q’ and an arbi- 
trary time-like cylinder surrounding the world line, 
the light cones will cut a surface Z from this cylinder 
(see Fig. 1). 2 is a three dimensional surface with 
space-like surface normal. It forms a band around 
the world line, which lies between the two light 
cones. 

One defines the four quantities 


(2.11) pre | T do, . 
Fig. E 5 


In a recent paper (2) SCHILD has shown that the conservation law 
TUE 
0,1" = 0 
which holds in charge-free regions implies that 


Ga) dP" = lim dP“ 


Z— 


is independent of the surface and is consequently a four-vector. The notation 
2 — co is symbolic to indicate that the point of closest approach of Z to the 
world line, 0, is taken to the limit. In going to the limit, Y is moved out- 
wards always remaining between the two light cones; the limit therefore cor- 
responds to a simultaneous limit in space-like and time-like directions. 

Schilds proof is, simply an application of Gauss’ theorem to the above 
conservation law. But it is essential that the four-volume involved is a doubly 
a ai peak aa two surfaces of the type Z, so that one 
never crosses or even reaches the world line 2“(t) on which the fields are sine È 

Let us take for XY the special surface A ie is a nie ho 
system in which @ is instantaneously at rest, 


(2.13) dio" = n"dro?dQ. 
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From (2.12) and (2.9) we find 


a dPu e2 …. 5 
(2.14) —— = — lim | w(a;ai— a) dQ = 2e2ata,ve . 
dt dro 


0 


This four-vector is the total rate of energy and momentum emission in form 
of radiation. We note that it is a time-like vector. The invariant rate of energy 
emission is 


> Gee ys? i 
(2.15) R = — (DR pe = aa". 


This establishes the Lorentz invariance of electromagnetic radiation. # is non- 
negative and vanishes if and only if the four-vector of acceleration vanishes. 


3. — The criterion for radiation. 


With the special surface 2, one can compute the rate of energy and mo- 
mentum which crosses this surface in the direction n” per unit solid angle, 


Les GONE e? e? 
(8 =— — — + —— (at — a,n") + — ul(aga*— aj). 
dt dQ 82 02 470 An 


This quantity is obviously a four-vector. The first two terms are both space- 
like vectors and may be interpreted as the Coulomb four-momentum and the 
cross term between Coulomb and radiation fields. The last term (cf. eq. (2.10)) 
is a null vector and describes pure radiation. Jt is independent of 0, but does 
depend on the direction n” The null character of the last term corresponds 
to the momentum four-vector of a particle of zero mass (photon). 

Eq. (3.1) depends only on the component of the acceleration which is ortho- 
gonal to n“, since 


(a* — a,n*)(a, — a;n,) = a’a, — ai. 


In the instantaneous rest system of Q, S 
solid angle is 


oo the momentum rate per unit 


AS ae e À ea, e a 
6 rn i 42 
ie?) dtdQ 8a R2 ‘Anh Ag +? 
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where the separation 


a=a,+a,, a ann, alam 
is made relative to f. At small distances the Coulomb field dominates. It 
gives rise to a spherically symmetric rate of momentum change directed to- 
wards the source. At intermediate distances the cross term contributes a 
vector in the direction a, which lies in a plane orthogonal to n. At large dis- 
tances the radiation field dominates and yields the Poynting vector in the 
direction 7, i.e. away from the source. 
The energy rate per unit solid angle in S, is 


DE Ss ifs {in So) 
ome — — — dd, AS . 
e didQ 4x + v 
Thus, only the pure radiation term contributes to the energy rate. 
One now observes that the two space-like terms in (3.1) are both orthogonal 
to the velocity vector ev“ Thus, 


TI ESA Na: 
SEEN Ale 


(3.4) (aa? a) ; 


which is the invariant generalization of the energy rate (3.3). It is the in- 
variant formulation of Poynting’s formula for the radiation energy rate per 
unit solid angle. 

While (3.1) is a four-vector, its integral over the angles is no longer a four- 
vector unless the limit Z > oo is taken, in accordance with (2.12). However, 
(3.4) is independent of 0, so that 


pu Ti 
mé ss ian È, de 
dt dt 
or, with (2.11) and (2.13), 
(950) Ze | D, L'n,0% AQ. 


It follows that the invariant radiation energy rate can be expressed as an 
integral over the surface X (sphere in the system S,) which is independent of o. 
The integral in (3.5) gives the invariant result without need to go to the limit 
SC 

This result permits one to establish a eriter 


Da ion for testing whether a charge 
1s emitting radiation at a given instant, by me 


asuring the fields only, and without 
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having to do so at a distance large compared to the emitted wave length. This 
criterion for radiation can be expressed as follows. 

Criterion for radiation: Given the world line of a charge and an arbitrary 
instant 7, on it. Consider a sphere of arbitrary radius r in the inertial system S, 
which is the instantaneous rest system of the charge at the proper time 7, 
(time #, in S,) and at whose center the charge will be at that instant; measure 
the electromagnetic fields FP“ on 2, at the time t,+r; evaluate the integral 


Gang) == I Ltn 40 =|s-3 d?0, IDWS 5 


57 
et) 


where S is the Poynting vector. The value of this integral is the invariant rate 
of radiation energy emission # ai time 4, and vanishes if and only if the charge 
did not radiate at that instant. 

Obviously, this criterion is also an operational definition of the invariant 
radiation energy rate. 

Several remarks are in order at this point. First, the measurement is carried 
out in an inertial system (S,) and the invariance of # refers to Lorentz trans- 
formation only. An accelerated observer may very well measure a different 
rate (or no rate at all). Secondly, the possibility of ascertaining whether a 
charge radiates without having to go to the wave zone is actually a logical 
necessity, since the radiation emitted will in general contain Fourier compo- 
nents of all wave lengths, so that one would never be in the wave zone of all 
waves emitted. Thirdly, the measurement is to be made over the surface of 
a sphere (25). Thus, although the radius of the sphere can be chosen arbitrarily, 
it can never be zero. The measurement is therefore intrinsically non-local. 


4, — The equation of motion. 


The above derivation was entirely based on the Maxwell-Lorentz equations. 
But it permits one to go far beyond these electromagnetic field equations. 
One can, in fact, «almost » derive the equations of motion of a charged particle 
from the above results, making use only of the field equations and the con- 
servation laws. 

Consider a particle of mass m and charge e. An external force FF is acting 
on it. Like all forces in special relativity, this is a space-like vector orthogonal 
to the velocity of the particle, 

(4.1) Fy, = 0. 


If the law of conservation of momentum and energy is to hold during every 


2) 


interval of proper time dr, the external force must account for the (reversible) 
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increase in some momentum vector p as well as for the four-vector of energy 
and momentum lost irreversibly in the form of radiation, 


dp# 3 
£ fe — —+ Zr, 
Sa dt $ 


according to (2.14) and (2.15). Note that p“ cannot be identified with the 
kinetic momentum mv“, because multiplication of (4.2) with vf would yield 
R=. This has to do with the fact that the radiation-loss vector is time-like. 

The «ansatz» (4.2) so far contains only one well-defined term, viz. the 
last one. The other two terms are written down first of all because one 
« guesses » a certain structure for an equation of motion. This structure is 
the covariant generalization of the statement of energy conservation (corres- 
ponding to u=0) per unit time. Since (4.1) implies that FF is of the form 


FF = (yo -F, vF), 


the statement is that the work per unit proper time done by the impressed 
force consists of two parts, one which is a total time derivative, and the other 
one which is not a total time derivative. This is a separation into reversible 
and irreversible energy change. The reversible energy change and its covariant 
generalization will be called «inertial terms ». These terms are wniquely de- 
fined in (4.2) as the difference between F” and the radiation term. It is assumed 
that this difference is a total derivative, i.e. that radiation is the only dissi- 
pative process. 

This establishes the formal structure of (4.2). But a physical specification 
of F* and the inertial term is still lacking. We now specify that F“ should 
not contain terms which depend only on the motion (v“ a“, ete.) and the 
characteristic properties of the particle (m, e, etc.). Such terms would have 
to be «on the right-hand side» of this equation. Thus, a term of the form 
Aa“ cannot be tolerated in F4, but (if A is a constant) it belongs into dp“/dr. 
These considerations imply that one must regard the equation of motion (4.2) 
as «already renormalized » in the language of field theory. 

In fact, the force F4 is assumed to be entirely due to the external fields. 
(See (4.5) and (4.9) below.) 


al Says CAS Fs ; 416 à È 
Combining (4.1) and (4.2) one finds for the rate of four-momentum changes 


da? 


a NARO) oF on 
Vu =A4=3 aa = — 8 ey, — 
dt 


dI 
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where di is a vector orthogonal to v“, which must be expressible in terms 
of vo“ and its derivatives and must itself be a total derivative with respect to 7. 
The equation of motion (4.2) can now be written 


‘dat 
(4.4) vu — Fr+2e (= a2 mère) b 
tav 


Since FF is in general not a purely electromagnetic force, 


(4.5) Fe — pu 4 pe 


elm neutral * 
this equation must reduce to the equation of motion of a neutral particle, 


(4.6) ma” = Fioutrai 9 
in the limit e +0. (We exclude here for simplicity higher electromagnetic 
multipole moments.) This requirement, that (4.4) should become (4.6) in the 
limit e >0 is very basic and was elsewhere referred to (5) as «the principle 
of undetectability of sufficiently small charge ». 

From this requirement one deduces. 


(4.7) oi = ma” + pala 
The vector vi cannot be determined, unless one requires that (4.4) should 


be a differential equation of order not higher than third order. In that case 
Ci — 0 and (4.4) becomes 


(4.8) ie = (ne 2 ea") + Boe. 


This is the desired equation of motion. From the discussion of (4.2) it is clear 
that m represents the observed rest mass of the particle and F" is the «re- 
normalized » interaction, è.e., the interaction due to external effects only. It 
is orthogonal to v“, retarded, and in general of the form (4.5). 

From these remarks follows that F%,, must be given by the retarded external 
fields only, for example, 
(4.9) TRE sere 


elm ext v 


(5) F. RoHRLICH: Ann. Phys., 10, 93 (1961). 
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The Lorentz force (4.9) can be combined with (48) to yield 


da! 


(4.10) mat — eFl,v,+ 4 e? (de = agate) È 
which is the Lorentz-Dirac (6) equation. 

The above derivation of the equations of motion (4.8) from the field equa- 
tions involved only the conservation law, the principle that the limit e >0 
should result in (4.6), and the simplicity assumption e = 0. The self-energy 
difficulties have been avoided, but the form of the interaction with the external 
fields (e.g. (4.9)) is not specified by this derivation. 

Finally, it must be remarked that the equations of motion (4.8) or (4.10) 
are third order equations and are therefore to be supplemented by a suitable 
asymptotic condition which effectively reduces them to second order equations. 
At the same time it eliminates the run-away solutions. Together with this 
condition (4.8) becomes (°) 


ai ee | exp [— vf" (r) — RT] de’ , 
TT ca i 


where t= %e?/m. Only this equation can be regarded as a true equation of 
motion, since it is of second order and determines the world-line from the 
initial position and velocity. Precise conditions for the existence and uni- 
queness of solutions of (4.11) were given by HALE and STOKES (7). 


5. — Conclusions. 


1) The rate of change (per unit proper time) of field momentum and 
energy dP"/drdQ present at a given distance from the charge, and due to 
fields produced by the charge at a given instant and into a given solid angle, 
is a four-vector, given by (3.1) and containing 073, 07 and of ‘terms. The 
first two are space-like vectors not transmitting energy like particles of real 
mass, m?=— p,p°, while the last term is a null vector representing radiation. 


2) The total (i.e. integrated over all directions) rate of change of field 
momentum and energy, dP"/dt, on a given surface » surrounding the charge 
and emitted at a given instant, is not a four-vector, The limit dP” [dt obtained 


(9) P. A. M. Drrac: Proc. Roy. Soc., 167, 148 (1938). 


(7) J. K. Hate and A. P. STOKES: On some physical solutions of Dirac type equations, 
preprint, RIAS, Baltimore, Md. (April 1961) 
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for 2 — co, however, is a four-vector (Schild’s theorem). This four-vector is 
time-like and parallel to the (retarded) velocity four-vector. 


3) The invariant total rate of energy emission (an irreversible process) Z, 
defined in (2.15), is a non-negative invariant and vanishes if and only if the 
acceleration four-vector vanishes. It is due to the radiation fields only. This 
establishes radiation as a Lorentz-invariant phenomenon and makes the meas- 
urement of # a necessary and sufficient criterion of the presence of radiation. 


4) This measurement of # is a non-local one and can be carried out 
as a field measurement over a suitable sphere of arbitrary radius (cf. Section 3), 
This establishes that radiation can be detected and measured unambiguously 
at arbitrary distance from the emitting charge. 


5) The relativistic equation of motion of a charge can be derived without 
encountering self-energy difficulties by assuming 


a) the Maxwell-Lorentz equations; 
b) the Lorentz-invariant conservation laws of energy and momentum; 
c) the principle of undectability of sufficiently small charges; 
d) the equation of motion is at most of third order. 
All these assumptions were also used by DIRAC (f). 


6) The invariance of Z mentioned in (3) refers to Lorentz invariance. 
Transformation to a non-inertial system does not leave Z invariant. In par- 
ticular, transformation to a suitably uniformly accelerated system S’ will make 
& vanish. The proof of this statement follows from the fact that this trans- 
formation can be brought about by a conformal transformation (*). Such a 
transformation leaves Maxwell’s equations invariant, so that the radiation 
criterion holds also in the uniformly accelerated, non-inertial, system 8’. On 
the other hand, the acceleration in that system vanishes identically. This 
establishes that a uniformly accelerated (relative to an inertial system) charge, 
while radiating at a constant rate Z as seen from an inertial system S, will 
not be seen to emit radiation by the co-moving (non-inertial) observer S' 
at any distance from the charge (°). 

Consequently, there is no contradiction between electromagnetic theory and 
the principle of equivalence, even when the latter is referred to constant homo- 
geneous gravitational fields which extend over finite space-time regions. The 
recourse to the local character of the principle of equivalence used by BONDI 
and Gorp and adopted in reference (*) is therefore not necessary. This is 
essential, because in homogeneous gravitational fields (which do exits over 
finite space-time regions) the principle is ne longer a local principle. 


53 - Il Nuovo Cimento. 
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RIASSUNTO (’) 


Si definisce in termini covarianti secondo Lorentz l’impulso e l’energia della radia- 
zione elettromagnetica emessa da una carica. Come criterio necessario e sufficiente per 
la misura dell’emissione di una radiazione a un dato tempo si propone la misura non 
locale di un invariante di Lorentz. La misura consiste di una misura di campo che 
può essere eseguita a qualsiasi distanza dalla carica e non occorre sia fatta nella zona 
delle onde. S1 può considerare come una definizione operazionale della radiazione in 
termini del tasso di emissione dell’energia. Questi risultati consentono una semplice 
derivazione dell’equazione del moto di una particella carica che permette di evitare le 
difficoltà dovute all’autoenergia. Si risolve un quesito concernente il principio d’equi- 
valenza e la radiazione nel moto uniformemente accelerato. 


(*) Traduzione a cura della Redazione. 
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Dispersion Relations and Diffraction Scattering. 


P. T. MATTHEWS and A. SALAM 


Physics Department, Imperial College - London 
(ricevuto l’8 Luglio 1961) 


Summary. — An approximate formula for high-energy elastic scattering 
is derived from dispersion relations. 


1. — Introduction. 

From dispersion relations, we derive an approximate expression for elastic 
scattering at high energies. It is of the form of conventional diffraction scat- 
tering, with a strong forward peak whose width is related to the range of the 


interaction. The approximations which we make are crude, but we believe 
that our formula has the essential features of a more accurate treatment. 


2. — High-energy scattering. 


Consider the amplitude T(s, t) for the elastic scattering of scalar particles, 
masses M and u, where 


(2.1) SH 
the square of the centre-of-mass energy, and 
(2.2): t = — 4k? sin? 0/2 = — A?, 


the covariant momentum transfer, (k and 0 are centre-of-mass momentum and 
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scattering angle, respectively). We also introduce the variable w so that 
(2.3) sttitu=2M?+ 2p’. 

We normalize 7 so that the optical theorem takes the form 

(2.4) ra 2 EG ce 

Thus in the high energy limit, (E > M), 

(2.5) inciso 

Then the differential elastic cross-section is 


do 1 
De ab ee a 4) 
oh dA2 642k?! A 


To obtain an expression for the imaginary part of 7 we exploit an idea 
due to GILBERT (!). We write a dispersion relation for fixed (small) value of 
(=— A?) for 
T'(s, u) 
(ss) (E 


where s, and wu, are the starting vaiues of the continuum in the appropriate 
channels. For large positive values of s (and hence large negative values of w) 
we have 


[ee] 


NE t/ ot 
(2.7) SL RIA. =" | — RIT (s ) Lo! ds' 4 
(s- stu ut x) (s'— stu vs 8) 
th RIT) 
SE I du’ . 
Le TT i (8, — 8')*(u'— uu — u) i 


The main contribution may be expected to come from the neighbourhood o 
the singularity in the first integral. We have ignored the pole terms (if any), | 
since for s > M? they are never important. In the same spirit we shall also 
ignore the integral over w’. 


(1) W. GILBERT: Phys. Rev., 108, 1078 (1957). | 
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To determine the real part of T at high energies we use the single variable 
dispersion relation for fixed s, which we emphasise by writing 


MS tu) sel (ts) : 


g? Al elm TEO! il CT Tor" 


= dt’ 
t—t TI 


te Uc 


I 
: du’, 


Un 


where g is the renormalized coupling constant, and ¢, and , are the starting 
values of the continuum mass values (squared) in the appropriate channels. 
We are interested in evaluating T°(t, u) for 

SL M’? 
and for negative values 


i= 7%, 
which we show below are small (~ — y?) for physically important values. Thus 
(2.9) U = 2M? + 2u?+ A*—s 
is large and negative and there are no singularities on the right hand side 


of (2.8). The pole which is most closely approached is that in the first term 
and in the crudest approximation we can take 


(2.10) IO PETE 
u— it ue ak A? 
This is just the « pole » approximation, and we have merely re-derived the 
well-known result that at high energies and small momentum transfer the 
real part of the amplitude is dominated by this term. 
Substituting (2.10) into (2.7) (with neglect of the integral over w’) gives 
the explicit expression 


(2.11) TA aT * (1 +10) 
where 
ds’ 
(2 12) f(s) = (s ar 8)? (Ue cu wt fr FALTOREZITALICI i s) 
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Here is given by (2.9) and w' is similarly related to s’. This is our main ju 
The integral (2.12) may be evaluated explicitly. In the high-energy limit 

it gives 

(2.13) f(s) = log (45/50) - 

The high energy behaviour in this approximation is thus: 


Im T ~ log (48/8), 


RIT ~ const. 
1 

ol — (log 4s/s,)? , 
82 


al 
OTot ~ = 108 (4s/s,) e 


The angular distribution is 


do. ar al 2 
(2.15) SS Abe) 


which is a sharp forward peak with 


(2.16) A 


max 


This, of course, corresponds to scattering into a forward cone of angle 


0 ax © uk A 


This is the usual diffraction formula, corresponding to a potential of range 1/u, 


with sharp forward peaking, and an amplitude dominated at high energies by 
the imaginary part. 


3. — Applications. 


It so happens that for the physically most accessible interactions of pion- 
pion, pion-nucleon and nucleon-nucleon scattering, the pole term in (2.8) is 
either absent, or clearly does not dominate the situation, and a better approx- 
imation is required. In such cases the largest contribution may be expected 
to come from the integral over #' in (2.8), which corresponds to the potential 
between the scattering particles. The value t, is the least continuum mass 
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(squared) which can be exchanged by the particles, and determines the max- 
imum range of the interaction. The simplest approximation is to take 


(3.1) Im T°(t) = I? Ô(t — t,) tro te 
so that 
(3.2) RUDE) oy di n 


The parameters J’ and #, determine the strength and range of the interaction. 
It is only for simplicity that we assume that 7"? is independent of s. If this 
restriction were lifted it would alter the high-energy behaviour described 
in (2.14). 

For pion-pion and pion-nucleon scattering this model may be applied, as- 
suming the interaction is mediated by an effective scalar particle. At E,— 6 GeV 
total elastic scattering cross-sections of the order of several millibarns are 
obtained for interaction ranges corresponding to 


Ge Au? 


and for values of J” corresponding to effective coupling constants of the order 
of one. The total cross-section determined via the optical theorem is of the 
order of about forty millibarns for the same parameters. 

In the case of proton-proton scattering there is, of course, a pole term cor- 
responding to exchange of a single meson. However for pseudo-scalar mesons, 
the sum over spins gives rise to a factor of A? in the numerator, so that the 
matrix element has the form 


| Ag? | 
Tee 
à | Er 


This clearly does not dominate the forward scattering. In this case also the 
main contribution comes from the integrals. The integrand Im T°({) may de- 
pend on five form factors whose y-dependence may be taken to be the standard 
S.P.V.T.A.interactions conventionally used in f}-decay. Taking the scalar type 
interaction as typical, and again assuming that the corresponding for factor 
can be approximated by (3.1), the matrix element is now 


aa 


spin 


M2[2 2 
E; + i) | 


which gives a pronounced forward peak. The backward-forward symmetry of 
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the angular distribution is ensured by the integral over u which must give 
rise to a similar peak in the backward direction. Again an elastic cross-section 
of several millibarns and a total cross-section of several tens of millibarns is 
obtained at E, 27 GeV/c? for reasonable values of the parameters similar 
to those quoted above. This is in general qualitative agreement with the 
experimental results (?) 


(2) S. G. GoLpsackx, L. Rippirorp, B. TELLINI, B. R. FRENCH, W. NEALE, 
J. R. NorBury, I. O. SKILLICORN, W. T. Davies, M. Derrick, J. H. MuLver 
and D. Rapogicic: (to be published). 


RIASSUNTO (‘) 


Dalle relazioni di dispersione si deriva una formula approssimata per lo scattering 
elastico alle alte energie. 


(*) Traduzione a cura della Redazione. 
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Improvements in the Purification of Germanium by Zone Melting. 
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Istituto di l'isica dell’Università - Bologna 


G. SCACCIATI 


Centro Ricerche Venezia - Soc. Montevecchio 


(ricevuto il 20 Luglio 1961) 


Summary. — To improve the purification of Ge by zone melting a new 
method of agitation was experienced, based on the dependency of the 
repulsive forces on the frequency by ‘induction heating. The achieved 
stirring resulted of a particular efficiency relating to the starting concen- 
tration of the material to be purified. The results have been applied 
on an industrial scale for the reclamation of the scrap germanium. 


The efficiency of purification by zone melting is, as known, limited by the 
velocity of distribution in the melt of the impurities issuing from the solid. 

To represent such limitation the following expression, specific for the case 
of distribution by diffusion, can be used (1): 


Î - G'4 k 
D ar Cy IEEE 


where v is the rate of travel of the solidification front, G the thermal gradient 
on the solidification front, A the diffusion coefficient of the impurity in the 
melt, k the distribution coefficient, ©, the solid concentration on the solidi- 
fication front, m the slope of the liquidus line. 

This limit for the speed of solidification corresponds to the conditions ne- 
cessary to avoid the constitutional super-cooling (?). 


(1) C. ELBAUM: Prog. Met. Phys., 8, 213 (1959); W. A. TirLer, K. A. JACKSON. 
J. W. RurtER and B. CHALMERS: Acta Met., 1, 428 (1953). 
(2) J. W. RuTTER and B. CHALMERS: Can. Journ. Phys., 31, 15 (1953). 
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Several attempts (3) to increase this limit have been made, all of them essen- 
tially based on forced distribution of the impurities by agitation of the liquid. 
Here we describe a method of agita- 
tion, which resulted particularly efficient 

Ho and easy. 

To explain this method we will recall 
the expression of the work power P, 
absorbed in a solid cylindric induct with 
an axial fox (High) 44) 


Eon 


l 


Fig. 1. - Sketch of the disposition 


‘eferi to Bags (2) 
refering to Eq. (2) (2) P=cf-H-l-w-S:Q, 


where c is a constant, f is the current frequency, H, is the magnetic field near 
the surface of the work-piece, | is the length of the piece, y is the coefficient 
of magnetic permeability, S 

is the section of the piece, 4 
and @ is a function ot D/ò (*), Q 
whose diagram is given in 
Fig. 2. D being the work- 
piece thickness and 6 the 
equivalent current depth, 


@) b= V2, 


25 
i. D 
where © is the resistivity 6 
} ; 1 I n L 1 1 1 L 
of the work-piece material OM OR Pai ei 
and, as before, w and f are Fig. 2. — Values of the Q function plotted against 


the permeability and the 


work-diameter to current-depth ratio D/6. 
frequency. 


Now, from the magnetic field H, and the induced current J it derives a 
repulsive force # on the liquid, proportional to Æ,:1. 
For constant power P, considering J?/d as a constant in the induct, we 


() W. G. PFANN: Zone Melting (New York, 1958); N. L. Parr: Zone Refining and 
Allied Techniques (London, 1960); W. G. Prann and D. Dorsi: Rev. Sci. Inst., 28, 
720 (1957); B. N. ALEXSANDROV, B. I. VERKIN and B. G. LA/zAREv: Fizika Metallov 
i Metalvedenie: 2, 93 (1956). 

(4) P. G. Simpson: Induction Heating (New York, 1960). 


£ re ae 
2 bei Sa-bei Ex + ber’ £a ber £a 


(Qi) O = = = = == 
Ew ber? £a + bei? &4 


where ber ceti bei r=d(ixvi) is the first kind zero order Bessel’s function, &= 82? uf/o 
and a is the radius of the work piece. 
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have from (2) and (3) 


Foo. 


That is induction heating at lower frequencies will help, as otherwise known, 
in the agitation of the melt. 

Given the rapid decrease of @ it is advisable, on the other side, to work 
with a frequency corresponding to a D/ò near to the maximum’s abscissa, in 
order to avoid excessive agitation which could disturb the regularity in the 
advancement of the solidification front. 

For D/ò =2.5 we have 


Replacing the values for the molten germanium 
oi= 6-104 ab ohm-ems(*),; pH 
and for D —1 cm, size order of the diameter of the utilized ingots, we have 
fe LO ave 


Some tests were tried with induction heating at 10000 Hz and it resulted 
indeed a very strong agitation of the liquid. So strong that to avoid the 


Graphite ring 


eh 
RY 


KP A 
OY? SO 
SREY 
Le COS 20 
ees 


Ven | È 

<7 — Induction coil 

Fig. 3. — Coil design for combined induction and resistance heating for zone melting 
and stirring. 


expulsion of the melt from the boat, as well to preheat the germanium, it has 
been necessary to use combined induction and resistance heating, according 
to the sketch of Fig. 3. 


(5) A. I. Brum, N. P. MOKROVSIJ and A. R. REGEL: levestija Akad. Nauk. SSSR, 
16, 139 (1952); R. W. Keyes: Phys. Rev., 84, 367 (1951). 
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In the center of the coil has been placed a graphite ring (H.P.) which is 
brought to incandescence by induction, helping the heating of germanium 
and reducing the electromagnetic field necessary for the melting. 

Given the limited width of the ring, its shielding could be neglected. 

The effects of this agitation have been checked in relation to the velocity 
of solidification and impurity concentration, the two parameters of main inte- 
rest for the limit expressed by (1). 


15 cm/h 

60 £, 20cm/n 

Se em 
E4ot .30cm/h > 
Zu” x 
= 
So 

10+ 10kHz 1000 kHz 

1 es "X cm 
0 10 20 30 40 0 10 20 30 40 


a) b) 
Fig. 4. - Purification by zone melting with induction heating at two different frequencies 
(10 kHz in Fig. 4a); 1000 KHz in Fig. 4b). Each diagram corresponds to a different 
speed of solidification, as marked. The purities are expressed by the electrical resisti- 
vities, measured along the ingots. 


The tests consisted in comparing the degree of purification attained at 
10000 Hz with that obtained by induction heating at —106 Hz (in the field 
of the commonly used frequencies, with negligible agitation). 


ohm-cm 


Fig. 5. — Purification by zone melting with induction heating at two different frequencies 
(10 kHz in Fig. 5a); 1000 kHz in Fig. 5b)). Each diagram corresponds to a different 
concentration of the starting germanium, as marked. 


The results are illustrated in Fig. 4 and 5. The purities are expressed by 
the resistivities in ohm-:em, measured with the four points method. 
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As can be seen the effect of the agitation is small with respect to the limit 
rate of travel; it is on the contrary very remarkable as concerns the concen- 
tration of the impurities in the starting material. 

We think that the lack of effect in the first case is to be connected with some 
irregularities in the advancement of the front of solidification, depending 
perhaps from the agitation itself of the liquid. 

The strong increase in purification that we have observed starting from 
very impure material may be important for the reclamation of scrap germanium. 

This result has been already utilized on an industrial scale, as will be 
described in a next paper (5). 


(5) G. Scaccratr: to be published. 


RIASSUNTO 


Per migliorare la purificazione del Ge mediante fusione a zone è stato provato un 
nuovo metodo di agitazione, basato sulla dipendenza delle forze repulsive dalla fre- 
quenza nel corso del riscaldamento a induzione. I risultati sono apparsi particolar- 
mente significativi dal punto di vista della concentrazione massima delle impurità nel 
materiale da purificare. Il procedimento è stato applicato su scala industriale per il 
recupero del germanio dagli scarti di lavorazione, 
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Istituto di Fisica dell’ Università - Bologna 


(ricevuto 20 Luglio 1961) 


Summary. — Structural, mechanical and electrical properties of 99.994%, Al 
sheets have been observed with respect to cold work and recovery degree. 
According to the percentage reduction by rolling, both mechanical and 
structural properties develop following three distinct stages. In the 
first stage the dislocations are spread all over in the crystal; in the second 
stage there is a development of subgrains, and in the third stage the 
subgrain size tends to a limit value. During recovery two stages were 
noted, the first corresponding to subboundaries development, the second 
to subcrystal growth. The first stage, attributed to dislocation climb, 
is characterised by an activation energy 1.1 eV. Between subgrain dimen- 
sion d and hardness H, a dependence Hocd-®! is found. From electrical 
measurements there appeared a contribution to electrical resistivity per 
unit dislocation of — 4-1C-1 ohm-em. 


1. — Introduction. 


Recovery phenomena in metals can be analysed on the basis of many pro- 
perties; mechanical electrical, ete. (1). 

These properties present features which are partly independent of each 
other and the main problem to be solved in the field is still their interpretation 
on the common basis of their structural characteristics. 

At present the techniques of direct observation by the electron microscope 
give a very good means for studying these structures and the present work is 


(*) Presented to the XLVI Congresso Nazionale di Fisica, 29 Sept. - 5 Oct. 1960 
in Naples. 


(MP A. BECK Adv. Phys, 3, 246 (1954). 
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done just on these lines in order to define the correlation between structures 
and mechanical and electrical properties. 
In particular, the subjects refer to: 


— The mechanism of subgrain formation. At present dislocation climb is 
accepted as the ground process (2); however we have limited informations on 
whether the climb mechanism occurs either by concentration gradients of 
vacancies or by internal stresses or else by some other causes. 


— Relation between hardness and subcrystalline size, which is still un- 
certain, as BALL and WARRINGTON (3) have found a quadratic law and BECK 
et al. (4) a law with a smaller exponent. 


Cold work phenomena can be introduced in connection with this last point 
as they are still rather undefined in relation to subcrystalline features and they 
will be considered here just in this respect. 

With regard to electrical measurements we point out that the results ob- 
tained can be inserted in the problem of the contribution to electrical resistivity 
of the dislocations. 

As known the calculations done at first by HUNTER and NABARRO (5) have 
given very low values; and the following development of KLEMENS, SEEGER 
and STEHLE (5), HARRISON and HowIE (”) though nearer, remain still lower 
than the experimental values (8) so far obtained. 


2. — Experimental. 


Our observations and measurements were carried out on samples of 
99.994% pure Aluminium. 

The specimens for observation with electron microscope in transmission, 
were prepared with four different techniques: by electrolytic polishing with 


(2) H. VAN BUEREN: Imperfections in Crystals (Amsterdam, 1960). ; 

(8) C. J. BALL: Phil. Mag., 2, 1011 (1957); Journ. Iron and Steel Inst., 191, 232 
(1959); D. H. WARRINGTON: Proc. Europ. Reg. Conf. Electron Microscopy (Amster- 
dam, 1961); N. J. Percx: Journ. Iron and Steel Inst., 174, 25 (1953). 

(4) P. A. Beck, B. G. Ricketrs and A. Kerry: Trans. A.I.M.B., 215, 949 (1959); 
A. H. Lurrs and. P. A. Beck: Trans. A.I.M.E., 206, 1226 (1956). 

(5) S. C. HunTER and F. R. N. NABARRO: Proc. Roy. Soc., A 220, 542 (1953). 

(8) A. SEEGER and H. STEHLE: Zeits. Physik., 146, 242 (1956); P. G. KLEMENS: 
Canad Journ. Phys., 34, 1212 (1956). 

(7) W. A. Harrison: Journ. Phys. Chem. Phys., 5, 44 (1958); A. Howiz: Phil. 
Mag., 5, 251 (1960). 

(8) L. M. CLAREBOROUGH, M. E. HARGREAVES and G. W. West: Proc. Roy. Soc., 
A 232, 255 (1955); Acta Met., 5, 738 (1957). 
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Lenoir (*) and perchloric acid solution (19); by chemical polishing with Alcoa- 
R5-bright dip (#4) and with 0.1% HF water solution (7). 

Polishing with the second and fourth method was reserved to the specimens 
treated at the lowest temperatures. 

The comparison between the images obtained with these different methods 
of thinning enables us to distinguish surface etch-figures from internal struc- 
tures, as the first only vary from reactive to reactive. 

Some authors (111314) have already dealt with this question. 

Besides the comparison between the different etch-figures we also used 
the following technique of direct observation in situ. After a preliminary 
observation the sample is heated by the electron beam until the Aluminium 
fuses. A thin film of oxide is left, which is a replica of the surface and thus 
reveals the etch figures (Fig. 1). The metal remains in small spheres over 
the film. 


Fig. 1. - Plate I; 50000x. Oxide replica by melting of the Aluminium film. 


(*) G. LENOIR: Recherche Aéronautique, 16, 35 (1958). 

(1°) H. H. TomLINsoN: Phil. Mag., 8, 167 (1958). 

(1) H. BrcHsEL: Metall, 14, 196 (1960). 

(*) P. B. HirscH, R. W. Horne and M. J. Wu j 

; - J. WHELAN: Phil Mag., 1, 677 (1 

(78) R. PHILLIPS and N. C. WELSH: Phil. Mag., 3, 801 (1958) À ne 

(ye. G. Fo WiILSDORE: Sy tum À a x 
Rio. Symposium in Electron Metallography, A.S.T.M. 
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The thinning of the specimens was carried out starting from sheets about 
20 um thick. 

The thermal treatments, about which we shall speak later, were carried 
out on sheets with this thickness. The cold work was carried out in such a 
way to have always 20 um as the final thickness. 

Observations were made with a Siemens-Elmiskop I electron microscope, 
operating at 100 kV. 

In particular, here, we limit ourselves to point out that with the highest 
cold-worked specimens, it was necessary to use stereoscopic observation to 
resolve each suberystal, owing to the low misorientations. 

The angles of misorientation between suberystals were estimated by means 
of extinction tilting and from the geometry of the dislocations. 

Usually the subboundaries crossed the whole thickness of the specimen. 
The subcrystalline dimensions are given as the square root of the surface of 
the subcrystals as projected on the photographic plate. 

In order to be able to compare hardness measurements with microscopic 
observations, the former were carried out on sheets whose thickness was com- 
parable to that of the specimens to 
be thinned for the electron microscope. 100} 
Their thickness was about 75 um; it was 
therefore necessary to use microhardness 
measurements. 

To verify the absence of thickness 


effects, Meyer diagrams were at first ù 

obtained. The thickness effect is shown = 4 
in deviations from the Meyer line. = £ 
For example Fig. 2 shows that the thick- = 


ness effect begins to be felt with dia-  20F 
gonals of about 50 um corresponding to 
a depth of penetration of — 10 um. 
Usually we worked with diagonals 10k 
of about one half of this limit. 
As it was more convenient and the 


range of hardness was restricted, con- [ 

stant load hardness (of 17.2 g) was taken L ari Diagonal i pm ; 

instead of constant diagonal hardness. 10 20 50 100 
Also the electrical resistivity mea- Fig. 2. - Meyer diagram for microhard- 

surements were carried out on sheets ness on 75 um thick Al sheets. 


with thicknesses of the same order of 
magnitude (40 um thick, 100 cm long, 3 mm wide). 

These last measurements were carried out in a boiling Nitrogen bath, by 
a potentiometric combined volt-ammeter method. 


54 - Il Nuovo Cimento. 
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The thermal treatments (both for this last and for the other measurements 


mentioned above) were done in oil baths. 
The passage from the oil bath to the Nitrogen bath took place by means 


of slow cooling, in order to avoid quenching phenomena. 
In order to check the reproducibility, the measurements were repeated 


three times. 


3. — Results. 


31. Recovery. — As already mentioned, recovery tests consisted in following 
the variations of structural, electrical and mechanical properties with respect 
to recovery time and temperature. 

The specimens were previously cold worked, to the given thickness, by 
99% rolling. 

Thermal recovery treatments began soon after rolling. 

For the measurements of electrical conductivity the time evolution of the 
phenomena was followed on the same specimens with successive coolings and 
heatings. 


Wii 


ni € = Plata II x x i 1 
Fig. 3. = Plate II; 25000 X. ‘Substructures in just rolled Aluminium. 


H td 4 dé y >, à \] 7 € ? 

Ex the measurements of hardness we used both this method on single 
specimen and the other one on more Specimens, each treated for a different 
length of time. | | 
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For the structural observations only this second method was used. 

Inconvenience of the first method is that thermal cycling may change the 
course of the phenomena; 
on the other hand for the 
second we can have errors 
due to inhomogeneity. 

In our case for the 
single cycle of tests made 
with both methods no dif- 
ference resulted within 
measurement errors. 

We consider now the 
results of the microscopic 
observations. 

Fig. 3 (plate II) re- ER el wee | 
presents the situation as Fig. 4. - Plate III; 50000x. Subboundaries in just 
after rolling: we have sub- rolled Aluminium. 
crystals with boundaries 
made up of ragged dislocations, more or less wide. Plate III (I 
in detail such a subboundary. 

The dimensions of these subcrystals were about 0.6 um. 


da 


no 


ig. 4) shows 


Fig. 5. — Plate IV; 25000x. Substructures in Al heated 30 min at 100 °C. 
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By heating up to about 100 °C there are only small variations in dimen- 


while the features of the subboundaries change. 


sions, 
the formation of well defined boun- 


These become sharp, thereby indicating t 


daries (Plate IV (Fig. 5)). 
At higher temperatures the mean value and the spread of suberystal sizes 


increase, the former up to a limit dimension of about 4 um. 
Plate V (Fig. 6) shows one of these growth structures, for 30 minutes 


heating at 200 °C. 


Fig. 6. — Plate V; 25000x. Substructures in Al heated 30 min at 200 °C. 


Pie this stage of subgrowth the angles between adjacent suberystals 
show increases from 1°-2° to 5°-10° 
ag T 6 DIX on D ic n x 1 7 
Lastly at 250°C there is recrystallization (Plate VI (Fig. 1)} 
ctr 4 ES mare . : ae 5 : 

rae structural variations with time were not well defined; observations 
mM. i >) ré fa 1 1 46 D DI ‘pros ip 
se e would indicate a greater dependency on temperature than on time, in. 

e Re DSS that ui appreciable growth of the suberystals was noted in the range | 
of times examined (from 5 minutes to 5 hours). 

This phenomenon would agree with a result given by PERRYMAN (15); but 


anyway 1t > 
yway it will be examined more deeply with shorter periods of heating 


KON KOS Ag PERRY le on a 
(e) V. PERRYMAN: Acta Met., 2, 26 (1954); Trans. A.I.M.E., 208, 1053 (1955)4 
| 
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Fig. 7. — Plate VI; 6000. Recrystallization structure. 


As an outline of the observations we give the isochronal of Fig. 8, which 
represents the mean values of the whole distribution of the subgrain sizes in 


function of temperature, for 
heating periods of 30 minutes. 

The diagrams (a) and (b) 
in Fig. 9 refer also to these 
observations. They show the 
order of magnitude of the 
spread in suberystalline sizes, 
for two extreme cases: the 
smallest spread corresponding 
to the just rolled material the 
largest to the beginning of the 
recrystallization. The tail in 
the (b) distribution being due 
just to the onset of the re- 
crystallization. The points in 
Fig. 8 correspond to the arith- 
metical mean value deduced 


from such distributions at the different temperatures of recovery 
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0 T T fi 
Heating temperature (°C) 
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= 
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ine) 
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(ee) 
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» 
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ll 
Fig. 8. — Suberystals dimensions in function of 
heating temperature. Time of heating 30 min. 


Next to indicate the results of mechanical and electrical measurements we 
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2 : oe a. gle ‘ 
100F give the diagrams of Fig. 10 and 
3 Fig. 11. They are also isochronal, 
à . . 
È and refer to heating periods of 
SRI 30 minutes. 
< The resistivities are given in 
È Ao/o%. They are referred to the 
ISO rer Lo, = 
È resistivity of 3.25-10-7 ohm-cm 
la 
3 of the just rolled Aluminium at 
È . . 
2 ost liquid nitrogen temperature. 
È In comparing the curves in 
a) i 
È Figs. 8, 10, 11 we. see that the 
=) 2 
a See A Ee 4 electrical resistivity decreases be- 
0 04 0.8 152 1.6 220) Ò i 
Subcrystal dimension (um) fore the other properties. 
100} 
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Fig. 9. — Distribution of Aluminium suberystal sizes. a) Just rolled. è) After 30 min 


recovery at 200 °C. The ordinates are given in percent of the peak value. 


With regard to hardness this different behaviour is shown more clearly 
by the isothermal curves in Figs. 12, 13. 


recovery phenomena connected 
with the electrical properties 
evolve more quickly than the 
others. 

We how these 


note here 


Fig. 10. — Microhardness in fune- 
tion of recovery temperature. Time 
of heating 30 min. 


ine) 
(ve) 
RI 


Microhardness in kg/mm? 


ine) 
N 
Lai | 


From these it is evident that the 


Heating temperature (°C) 


er 


VER 
100 200 


WORK HARDENING AND RECOVERY PHENOMENA IN ALUMINIUM 843 


curves correspond with those found by EGGLESTON in Copper (15) and WINTER- 
BERGER in Aluminium (17). 
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Fig. 11. — Resistivity decreases in function of recovery temperature. Time of heating 
30 min. Referring value of resistivity 3.25-10—-7 ohm-em. 


From the curves in Fig. 13 an activation energy of (1.1 + 0.2) eV/mole-°C 
can be deduced, with reference to an intermediate degree of recovery. For 
this purpose it is better to represent the phenomenon by a logarithmic plot 
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Fig. 12. — Microhaidness in functicn of 1ecovery time fcr two heating temperatures 


» 


(Fig. 136); the degree of recovery taken as reference is here marked with an 
asterisk. 


(16) R. R. Eccreston: Journ. Appl. Phys., 28, 14C0 (1952). 
(27) M. M. WINTERBERGER: Compt. Rend., 243, 128 (1956). 
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Excluding this initial stage, by comparison between the various curves, 
an interdipendency between the considered properties can be inferred; that is, 


2 70 
0 10 20 ee Owe 40 ZI 
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b) 70 °C 
80 °C 
Fig. 13. — Resistivity decreases in function of recovery time for some heating tempe- 


ratures: a) linear; 0b) logaritmic scale. 


mechanical and electrical properties should depend on the size of suberystals. 
From a plot of hardness vs. suberystalline size a law: 


H x 40.06 


can thus be deduced 
(Fig. 14) as valid within 
measurement errors. 


Microhardness in Kg/mm? 


ie n 1 Ina I A Ì 1 Fig. 14. — Hardness in / 
0.2 OS 2 5 10 SÜNMOO function of subcrystalline 


Subcrystal dimension o È 
Cu Sizes during recovery. 
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32. Cold work. — Referring to this subject we recall first that cold work 
examinations were made with reference to a final constant thickness of about 
20 um; that is, a series of specimens with various thicknesses was first prepared 
in order to have the complete range of selected reductions to arrive at this 
final thickness. 

Before cold work the specimens were all recrystallized at 350 °C for an 
hour, then they were reduced to the final thickness by cold rolling, with one, 
or at the most two rollings. 

From the observations, the following cold work stages resulted. 


— With low reduction, up to —10%, on the inside of the large recrystal- 
lized matrix only dislocations randomly distributed are noted, as is shown 
in Fig. 15 (Plate VII). 


Fig. 15. — Plate VII; 20000x. Structures in 8% rolled Aluminium. 


— Successively, corresponding to the denser areas of dislocations or in 
the neighbourhood of grain boundaries, suberystals are formed, as shown in 
Fig. 16 (Plate VITI). This situation holds from 10% to 40% ca. of reduction. 


— Lastly all the crystals become full of suberystals, more and more scat- 
tered, until, over 90% reduction, suberystals strueture prevails over that of 
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primitive recrystallization, of which practically no trace can be found. Fig. 3 
(Plate II) is near this final situation. 


Fig. 16. — Plate VIII; 20000x. Structures in 20% rolled Aluminium. 


Also the mechanical properties were followed, by means of the micro- 
hardness measurements, in funetion of percentage reductions. 


Their behaviour corresponds to that 


34- of the structural features as mentioned 
above, and with an analogous plot as 
vs before, we may deduce a correspondence 
E law between hardness and suberystalline 
oO . 
= size of the type 
IS i 
> 
S 
3 ocd? 2 
O 
+ 
9S 
c 
AQ ag sl 7 1 No 7 
È as shown in Fig. 17. 


OS 0.6 08 1 iS 2 Zi 
Subcrystal dimension pm 


> a : 4 
Fig. 17. — Hardness in function of sub- 
crystalline sizes, by reduction with rolling. 


3414 


WORK HARDENING AND RECOVERY PITENOMENA IN ALUMINIUM 847 


4. — Discussion. 


The discussion of the experimental results is based on the following points: 


a) The initial decrease of the electrical resistivity and the connected 
structural changes. 


b) The relation between structural and mechanical properties. 
ce) The contribution of dislocations to the electrical resistivity. 


a) Microscope observations have shown that at the same time with the 
first reduction of electrical resistivity (preceding the growth of suberystals and 
the diminution of hardness) we have rearrangement of dislocations in the sub- 
boundaries. 

The two phenomena are therefore considered to depend on each other. 

The rearrangement of dislocations should contribute to the resistivity either 
through annihilation of dislocations or through variations of the concentra- 
tions of point defects, particularly vacancies. 

In each case the fundamental process should be the climb of dislocations. 

The activation energy deduced from the resistivity changes should then 
be related to this climb. 

Now we can consider as more probable the two following mechanisms 
of climb: 


— by internal stresses; 
— by forces connected with gradients in the concentration of vacancies. 


In the first case the following expression can be considered valid (18) for 
the activation energy Q: 


(1) Q = Us + Un — 00? , 

where U, is the formation energy of vacancies, U, is the activation energy 

relative to vacancy migration, o, is the internal stress, b the Burgers’ vector. 
In the second case we have instead 


(2) Q = Un. 


We neglect the jog formation energy owing to the high degree of cold work. 


(18) J. FRIEDEL: Les Dislocations (Paris, 1956). 
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In Aluminium the migration energy U, is = 0.6 eV. The sum of the two 
energies, of migration and formation, U+U, is ca. 1.4 eV (1°). 

Our experimental value would therefore favour the former of the two mech- 
anisms considered. 

The behaviour of resistivity with time agrees with such a mechanism; à 
recovery rate which decreases inversely proportional to time can indeed be 
connected (18) with an activation energy which decreases linearly with cold 
work, corresponding to (1). 

Perhaps the greater scatters we found in the measurements of hardness in 
the conditions under consideration (Fig. 10) may be attributed to these in- 
ternal stresses. 

We may check if there are admissible, for o,b*, contributions to the acti- 
vation energy of the necessary order of magnitude. 

This contribution must be — 0.3 eV; corresponding, for b = 2.3-1075 cm, 
HONG = 210° dyne cme. 

The number of dislocations in a pile up will be 


where o is the external applied stress. 

We must ascertain if they can be piled up inside the suberystalline di- 
mensions d. | 

One has 


(3) US “ue 
oO # Gb 


the shear modulus G being equal to 3:101! dyne em-?. Solving for o, we 
obtain o =8-10* dyne cm? with good experimental agreement. | 
The value we found agrees with the activation energy reported by LUTTS 
and BECK (*), however in a successive publication BECK, RICKETTS and 
KELLY (4) found à higher activation energy of — 1.8 eV. We think that these 
different values are connected with the dependeney of the activatio rg 
on the degree of recovery. At first, there are ren internal strains me 
ains, as 
recovery proceeds, the strains get smaller and Q tends towards U;+ U,,; the 
last increase of Q is probably connected to the thermal equilibrium of the 


(19) F. J. BrapsHaw and S. PEARSON: Phil. Mag., 2, 570 (1957); 
ig RP? 106 NO da, I 
T. FEDERIGHI: Phil. Mag., 3, 1223 (1958). 


wee 


J. TAKAMURA: 
Journ. Appl. Phys., 22, 1182 (1951); 
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jogs, with the result that Q=U+U,+U,, where U, is the formation energy 
of these jogs. 
KUHLMANN, MASING and RAFFELSPIELER (°°) found a similar Q variation. 


b) The relation between hardness and crystal size we found, will be 
discussed with particular attention to the law: 


(4a) Hea 


considered by various authors (BALL, WARRINGTON and PETCH (*)). According 
to these authors the effect of the subcrystalline dimensions on the stress-strain 
characteristics can be explained by identifying such dimensions with the lengths 
necessary for the accumulation of dislocations in a number 7, such as to allow 
the load concentration n-o=o) necessary either to overcome the _ barriers 
presented by the subboundaries to the movement of these dislocations or for 
the production of microcracks. 

Recalling the above mentioned formula (3) we have, in fact, for o the 
following expression 

a) al 

(40) = (A) aot, 


IT 


which corresponds to (4a) if o is considered to be independent of d. 

In our case the hardness properties we examined may depend both on 
shear and fracture phenomena. 

From the point of view of shear an explanation may result from arguing 
the constancy of a. 

It appears logical to admit that o, depends on the misorientation 6 between 
the suberystals. 

As for the case of pure tilt or twist boundaries, we will consider o, just 
proportional to Ÿ (21): 


(5) Oo (= A-09 . 
On the other hand for Ÿ can be given the following approximated relation 


N-d-b-1 
(6) pae 


9 1 


oO 


(20) D. KuUHLMANN, G. MAsING and J. RAFFELSPIELER: Zeits. Metallkunde, 40, 
241 (1949). 
(21) F. R. N. NaBaRRO: Advan. Phys., 1, 269 (1952). 
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where N is the volume density of dislocations and / is the length of the disloca- 
tions which will be taken equal to unity, referring to an unitary volume. 
Substituting (5) and (6) in (7) we have 


G-b2-A\? s 
) = A NS, 


— 
Ces | 


that is o should depend on d only through N. 
In particular to explain the law which we found, a relation should be valid 
of the type 


(8) N=0-d%, 


which could correspond to dislocation annihilation during recovery or to dis- 
location multiplication during cold work. 

We can see if the amount of annihilation, as indicated by (8), agrees with 
the observed variations of Ÿ. 

Our observations have given, for d varying from 10~* to 2.5-10-* em, a Ÿ 
increase from ca. 0.07 to 0.12 rad. 

Using (6) this corresponds to 


39 
AN =A (È = 2-1010 disl:em =. 
deb 


On the other hand from (8) and for d and Ÿ varying in the same range 
we obtain 


AN a= Or NG 32107 TSI CNE, 


which is of the same order of magnitude. 

As we will see later also the decrease of electrical resistivity seems to agree 
with the hypothesis above. 

However the dependency of o, on J, though referring not to the same 
conditions, seems to contradict some experimental results of BALL (*) and 
WARRINGTON (27), which lead to the d-®5 law. 

A deeper insight in the question will be necessary, from the experimental 
and theoretical point of view, taking into account the crossing of dislocation 


Pnreat (23) « L Vall eee . È : n 5 Ò 
forest (°°) and the mechanism of activation of dislocation sources at boun- 
daries (22:24), 


(22) D. H. WARRINGTON: 


Dissertation (Cambridge, 1960). 
(28) Z. S. BASINSKI: Phil. 


de sno x Mag., 4, 393 (1959); P. B. HirscH: Met. Rev., 4, 101 (1959). 
(24) J. FRIBDEL: Simpos. on Internal Stresses and Fatigue in Metals, Ed. by G. M. 
RASSWEILER and L. GRUBE (London, 1958). È 
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Going on to fracture phenomena we note that the suberystalline dimen- 
sions, which we give, refer to predeformation conditions, while fracture depends 
on the final ones, preceding the fracture itself: so the initial dimensions are to 
be taken into account only for the influence they have on these final dimen- 
sions. 

Now the final situation can be suggested by the observations of HAASE and 
GRANSER (75); these authors have carried out observations with the electron 
microscope in correspondence to microhardness impressions, noting a banded 
structure according to the penetrator geometry, therefore in first approx- 
mation independent of the metal structure. 

Probably fracture depends on the distribution of dislocations in these bands, 
thereafter the suberystalline dimensions would have only a limited secondary 
effect on the fracture itself, according to the experimental law which we found. 


e) As calculated above, from the beginning to the end of subcrystal 
growth (point A to B in Fig. 11) we may compute a dislocation decrease 
AN = 2:10" disl:em #. 

Comparing this with the corresponding resistivity decrease (Ao,, = 
=13-10-* ohm-em) we deduce a contribution to the electrical resistivity, pro 
unitary dislocation, of 6-10-!° ohm-em. 

We may try to obtain an analogous expression for the transition to re- 
crystallisation (from B to C in Fig. 11). 

Using (6) and neglecting the dislocation density after recrystallization we 
have 


30, 


FE, b MEL 


AN 


= ia 


The corresponding Ao,, is 11-10-° ohm-em, thus indicating a mean dis- 
location contribution of 2.2-:10-1% ohm:em in agreement with the other above. 

These results, obtained with dislocations grouped in subboundaries, can 
be considered in a general sense only iî short range scattering prevails in re- 
sistivity. This agrees with theoretical assumption (5). 

The values we found correspond to the one obtained in Copper by CLARE- 
BOROUGH (8) and has been approximated theoretically by estimates made re- 
cently by HARRISON and Howls (7), though remaining greater by an order 
of magnitude. 

Probably this discrepancy is due to vacancies which are still to be present. 


(25) G. Haase and F. GRANSER: Naiwrwise., 47, 225 (1960). 
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5. — Conclusion. 


Recovery and work-hardening phenomena were followed on 99.994°% Alu 
minium sheets by direct electron microscopy, electrical resistivity and hardness 
measurements. 

Referring to work-hardening, by means of rolling at room temperature, 
three stages were noted, starting from completely recrystallized material. 


— Up to 10% reduction random distribution of dislocations within the 
crystals. | 


— Up to 40% reduction formation of suberystals with dimensions greatly 
dependent on the reduction degree. 


— Lastly one has a saturation of suberystal dimensions, towards a limit 
of the order of magnitude of 1075 cm. 


The hardness H follows the structural variations, depending on the dimen- 
sions d of the suberystals according to a law 


lio 


For recovery, the following behaviour was found, starting from 99°, cold- 
worked sheets. 

At first there is a climb of dislocations in subboundaries, without any con- 
siderable variation of suberystalline dimensions. This stage is accompanied 
by decreases of electrical resistivity, while the mechanical properties remain 
unchanged. The dislocation climb appears to be controlled by internal ten- 
sions. 

Later, we have growth of the suberystals accompanied by softening. The 
hardness may be connected to the dimensions of suberystals by a relation 
similar to the one found for hardening: | 


Hex d-098 3 


Comparing structural and electrical properties a contribution of ~ 4: 

:10-!° ohm-em to electrical resistivity Q it dislocati 
I cal resistivity, pro unit dislocation, can be deduced. 
ras been attempted an explanation of the relation between hardness and | 


subgrain dimensions based on a dependency of the obstacle action, to dislo- 
cation motion, from subboundary angle. | 
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* * * 


We wish to thank Prof. G. PupPI for the stimulating interest to this research 
and also Dr. D. H. WARRINGTON for useful information and criticism. 


RIASSUNTO 


Su laminati di Alluminio 99.994% sono state osservate le proprietà strutturali, 
meccaniche ed elettriche in funzione dell’incrudimento e del rinvenimento. In dipen» 
denza del grado di incrudimento, per laminazione, proprietà strutturali e meccaniche 
seguono tre stadi distinti. Nel primo le dislocazioni appaiono disperse pressochè unifor - 
memente all’interno dei cristalli; nel secondo si ha lo sviluppo progressivo dei subgrani 
e nel terzo si ha tendenza verso valori limite delle dimensioni dei subgrani stessi. Durante 
il rinvenimento sono stati osservati due stadi, il primo corrispondente allo sviluppo dei 
subcontorni, il secondo a crescita dei suberistalli. Il primo stadio, connesso con la 
diffusione normale delle dislocazioni, è caratterizzato da una energia di attivazione 
di 1.1 eV. Sia nel corso degli incrudimenti che in quello dei rinvenimenti durezze e dimen- 
sioni subcristalline sono apparse correlate da una legge del tipo H « d-9!. Le misure 
del contributo alla resistività elettrica hanno fornito per dislocazione unitaria valori 
di ~ 4-10-79 Q em. 
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IL NUOVO CIMENTO Vous XX IN ES 1° Settembre 1961 


Hard-Core Effects on the Energy Gap in Nuclear Matter. 


G. Fano, M. SAvora and A. TOMASINI 


Istituto di Fisica dell’ Università - Bologna 
Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 29 Luglio 1961) 


Summary. — It is shown that the energy gap A in the spectrum of the 
free quasi-particles in nuclear matter strongly depends on the relativistie 
details of the interaction. 


In a previous paper (') (hereafter referred as I) the problem of the existence 
of an energy gap A in the spectrum of the free quasi-particles in nuclear matter 
was treated. This problem has been studied because a possible way of elimi- 
nating the difficulty of the conventional perturbation expansion arising from 
the pole of the BRUECKNER t matrix (* 4) is to make first a Bogoliubov-Valatin 
canonical transformation, and then a perturbation expansion (°°). 

But as will be seen later, the calculation of À can be important also in the 
clarification of the concept of the internucleon potential. 

In this work we have developed the study of the dependence of À on the 
hard core of the potential. 


In (1) the equation for the gap (we will use systematically the same nota- 


) G. Fano and A. TomAsINnI: Nuovo Cimento, 18, 1247 (1960). 
L. VAN Hove: Physica, 25, 849 (1959). 
3) V. J. Emery: Nucl. Phys., 12, 69 (1958). 
) 


(Paris, 1959). 
5) G. Fano: Nuovo Cimento, 15, 959 (1960). 
) A. TOMASINI: Nuovo Cimento, 20, 963 (1961). 
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tions as in (I)) 


Lee] 


» A 7 
1 Ay RER K (byt) 5, 
i) : SO eee, 


0 

has been approximated with a linear integral equation (see eq. (25) of (I)): 
‘ K le Ie! 

i IR) = AE EL) + faire | ) 


out 


f(k') , 


=> 
| Sr | 


and this equation has been solved by a Neumann series, assuming a potential 
of the kind (P,, is the Maiorana exchange operator) 


EL =; 
ur V(r) LS p 4 et Py ; 
(3) : i 
bite) Va), 
where 
Tei ea, 
Vi) = ( 
(4) 0 tory Tr, 


| Vi(r) = — V, exp [— ar]. 


This potential has the peculiarity that the value V, inside the core is finite. 
It was found in (I) that a sufficient condition for the convergence of the 
Neumann expansion is 


We IM eV for oe 


Vv, = SL eMev for p=—04. 


Therefore for numerical estimates the Neumann expansion is not well 
suited and the best way to proceed is to reduce the integral equation to a set 
of n linear equations in n unknowns. Also the integral eq. (2) is not adapted 
to numerical calculations, since under the integration we have a function having 
no poles, but which becomes very large near k,. (See eq. (19) of (I) for the 
definition of the symbol |.) For the purpose of numerical computations, it 


out 


is desirable to have a more flat function. In order to obtain a function of this 
kind, we use the following device: from eq. (2) we can write: 


7 : ke! SK ka | is ; hk? ; 
f(k) = K(k, 1) + farne 2° “i ) jp") K(k, 1){ dk et): 


out out 
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Therefore, putting: 


k'? 
= lies _f(k' ‘ 
(9) a SAR EME 
(6) j(k) = au(k) , 


we have the following equation for w(k): 


(Re Jel VEC, À , 
(7) u(k) = K(k, 1) + al pa EU i À uk). 


out 


Obviously, the funetion under the integration does not become very large 
for k' near ky: From eq. (5), (6), one has: 


o u(k) 
(8) MO) = TT TARE wk Eel) 


ont 


Therefore in order to obtain the energy gap, it is necessary to get the funetion 
u(k) from the eq. (7). 

We have reduced the integral equations (7) to a set of ninty equations in ninty 
unknowns; making use of an electronic computer I.B.M. 704 we have solved 
this set of equations for various choices of the parameters V, and k,. For 
any of such choices we have obtained from eq. (26) of (I) and from eq. (8) 
the corresponding value of the gap A. 

The results are given in the following table: (in MeV) 


V, = 500 MeV V, = 800 MeV V, = 1100 MeV 
ky = 1.48-10!8 em! 0.503 + 10-2 0.229-10-4 0.19 -10-8 
kg=1.44-1018 em! 0.54 -10-2 | 0.338: 10-41 0.102-10-7 
kr = 136-1018 em-1 0.619-10-2 0.853.10-4 0.159-1078 | 


A results strongly dependent on V,, also in the region where V, is of the | 
order or greater than the mass of the nucleon. This result does not give troubles | 
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as long as we consider the procedure described in (1) (canonical transformation 
and perturbation expansion) as a trick which eliminates the difficulties of the 
perturbation theory: for a given V, we obtain a A which eliminates the dif- 
ficulties, and which has no physical meaning. But if we consider À as a physical 
quantity, in the sense that we expect that the true gap in the energy spectrum 
of nuclear matter is of the order of A, a big difficulty arises (*). 

In fact one can represent the interaction between the nucleons non relati- 
vistically, 7.e. in terms of static potentials, only if such potentials are much 
smaller than the mass of the nucleon. Therefore if the physical quantities 
depend on V, when V, is of the order of the mass of the nucleon, the relativistic 
details of the interaction are important in the determination of the properties 
of nuclear matter, and we cannot use static potentials. This case seems 
rather unlikely; in fact the mean kinetic energy of the nucleons inside the 
nucleus is much smaller than the mass of the nucleon and it appears reasonable 
to assume that all physical quantities do not depend on V, when it becomes 
of the order of (500--1000) MeV. 

In order to obtain the true energy gap one can follow the procedure pre- 
viously outlined (6) with a perturbation method, starting from the unperturbed 
value A. 

But in presence of forces with a hard core, it is better to eliminate the influ- 
ence of the hard core from the very beginning. As is well known the way of 
making this elimination in the theory of the binding energy of the nuclear 
matter is offered by the use of the Brueckner ¢ matrix. 

BRUECKNER et al. (*) have used a method in which, in place of the true 
Hamiltonian, a model Hamiltonian is used which contains the ¢ matrix in place 
of the potential. Their method contains some approximations which appear 
to be not important in the determination of the binding energy of the nuclear 
matter; however these approximations could be of much more importance 
in the case of the pairing effect, as the gap is given by the famous formula 
exp [— x] where x is related to the kernel used in an equation similar to eq. (1) 
with the ¢ matrix in place of the potential V. 

A better procedure seems to be the solution of the so-called « improved 
gap equation » (*°) in which one can introduce the ¢ matrix in a more consistent 
way. 

This point will be discussed in a future paper. 


(*) This difficulty has been pointed out by Prof. B. FERRETTI. 

(7) K. A. BRUECKNER, T. Sopa, P. W. ANDERSON and P. MoRREL: Phys. Rev., 
118, 1442 (1960). 

(8) J. B. SCHRIEFFER: Physica, 26, 124 (1960). 

(9) S. T. BELIAEV: Physica, 26, 181 (1960). 
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The authors are greatly indebted to Prof. B. FERRETTI for illuminating 
discussions; they wish also to thank the staff of the Centro Calcoli del C.N.E.N. 
(Bologna) for assistance in numerical calculations with the I.B.M. 704, parti- 
cularly Dr. MAGANZANI and Dr. DAL Bono. 


RIASSUNTO 


Si mostra che il « gap » À nello spettro energetico delle quasi-particelle libere nella 
materia nucleare dipende fortemente dai dettagli relativistici dell’interazione. 
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Interaction of Protons from 
with 


Brookhaven Alternate Gradient-Syncrotron 
Nuclear Emulsion. 


P. L. Jain, H. C. Grane, G. N. Srivastava and P. D. BHARADWAJ 


Department of Physics, 


University of Buffalo - Buffalo, N. Y. 


(ricevuto il 15 Maggio 1961) 


We have observed 872 nuclear stars 
produced in Ilford K-5 emulsion of di- 
mensions 10x10 em and 609 um thick 
exposed to the proton beam of the new 
Brookhaven AGS machine. The stack 
was exposed in diffracted proton beam. 

It was about 100 feet downstream 
from the target at an angle of 1° to 
the incident proton beam. There was 
no magnetic analysis. The beam contains 
thus diffracted protons as well as the 
secondaries. The average momentum 
of the beam was 28 GeV/e and the 
average track density in the plane 
perpendicular to the beam entering the 
emulsion was 4.3-104 tracks per cm?. 
Individual primary tracks were followed 
in a total length of 329.3 meters and 
the mean free path for the star pro- 
duction was 74=(37.9+1.2) cm. The value 
of mean free path within the limits of 
experimental errors is approximately 
the same as obtained at 6.3 GeV (13) 


(1) P. J. JAI and H. C. Grane (unpublished 
results). 

(2) R. M. KarBacH, J. J. LORD and C. H. 
Tsa6: Phys. Rev., 113, 330 (1959). 

(3) H. WINZELER, B. KLAIBER, W. KocH, 
M. NIikoLI6 and M. SCHNEEBERGER: Nuovo 
Cimento, 17, 8 (1960). 
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and 9 GeV (4) protons as well as at 
100 GeV (5) 7-mesons. 

While scanning along the track for the 
first 400 stars, we made measurements 
on all the shower particles (9 < 1.4 gm). 
of all types of stars. For the rest of 
the scanning along the tracks, we only 
recorded the total track length followed 
of all individual tracks and the inter- 
actions of those interacting with emulsion 
nuclei, but took measurements on all 
the shower particles of only «white 
stars » with N, (number of grey and 
black prongs)=0. The events with one 
secondary track of a white star and 
with no visible excitation of energy 
were considered due to « scattering » and 
were not counted as stars. 

As there is some contamination of 
secondary particles in the primary proton 
beam, we determined the energy of all 
the primary interacting tracks with 
ns>2 from the angular distribution of 


(4) N. P. BocacHEV, S. A. BUNJATOV, 
T. P. MEREKoYV and V. M. SIiporov: Dokl. 
Akad. Nauk USSR, 121, 615 (1958). 


(5) A. G. BARKOW, B. CHAMANY, D. M. 
HASKIN, P. L. JAIN, H. LOHRMANN, M. W. 
TEUCHER and M. SCHEIN: Phys. Rev., 122, 


617 (1961). 
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their shower particles by the relation (°°) 


log y, = — (log tg yi)» 
EB, = n(2y; — 1)Me?, 


where 


= 0.75 for events with N,<5, 


n =1.8 for events with N,>5, 


y, is the energy of the primary particle 
in the CMS in units of its rest energy; 
E, is the energy of the primary particle 


35r % Stars 


25r 


15H 
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particles which made angle yi < 2° with 
the direction of the primary, considering 
that these particles are the incoming 
particles which continue without appre- 
ciable deflection and without strongly 
participating in the collisions with the 
emulsion nuclei. In the case of events 
with N,=0 and 1, when plotting y 
against the number of events, a very 
sharp peak for a y. value lying between 
4.5 and 5 was observed. This corresponds 
to primary protons of average energy 
about 28 GeV. There was a spread in 


| L ie lee ie 2; 


0 È 4 6 


8 10 12 14 16 


Fig. 1. — Frequency distribution of the number of shower particles for stars with Nax=0 andl 


2<Nr<7T and Na>T. The average number of shower particles is 4.1, 4 


EIA 


| 


Nn=0, 1; 


per nucleon, and Me? is the rest energy 
of a nucleon. In making use of the 
above equations we neglected the shower 


(°) C. CASTAGNOLI, G. CORTINI, C. FRANZI- 
NETTI, A. MANFREDINI and D. MoRENO: 
Cimento, 10, 1539 (1953). 


Nuovo 


.5 and 5.4 respectively. 
Nn>T. 


the value of y, around the peak value. 
If we consider a symmetrical distribution 
of events with different y, values around 
the peak value of »,, i.e. roughly the 
same distribution for lower y, value as 
for higher y, value, then we find an 
excess of 8 to 10% of events on the 
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lower side. of y, lying between Ye=2 the peak value, we observed an excess 
and 3, which may be due to the conta- of 10 to 12% of events on the lower 
mination of secondary particles of lower side of the v. Value, lying between y,—1 
energy in the primary beam. y, values and 2, indicating that the contamination 
for all events with N,>5 were also due to secondary low energy particles in 
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Fig. 2. — The angular distribution of charged shower particles in the laboratory system for 
stars N,=0 and 1, 2<N,<7 and N, >T. The theoretical median angle for the N,=0 
and 1 case is about 13°. Ny=0, 1; --=— 2<Na ST; -------- Nn>T. 


calculated and when plotted against the primary beam is about 10 to 12%- 
the number of events, they showed a Thus the overall contamination due to 
peak value for y, between 2. and 3.5 the presence of secondary particles among 
If we again consider an approximate the primary proton beam is about 1007 


symmetrical distribution of events about The average values of y, are equal to 
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4.3 and 2.8 for events with N,<1 and 
N,>5 respectively, which corresponds 
to an average primary energy of about 
25 GeV, and this further proves that 
the contamination of the secondaries is 
small in the primary beam. In general, 
it is difficult to identify the individual, 
secondary contaminating (interacting and 
non interacting) tracks from the primary 
beam at these high energies and since 
the contamination is small, so in the 
following discussion, we shall disregard 
the presence of secondaries among 
the primary beam. 

In Fig. 1 are given the frequency 
distributions of the number of shower 
particles per star for stars with N—0 
Gin. Ws Seri at 5 7" AU 
average number of shower particles n, 
is 4.1, 4.5 and 5.4 respectively. The 
angular distributions of the shower 
particles in the laboratory system, for 
stars with N,=0 and 1; 2<N,<7 
and N,=>" are shown in Fig. 2. The 
increase in x, with N, in Fig. 1 and 
the broadening of the spread in the 
angular distribution with N, in Fig. 2 
is presumably due to secondary inter- 
actions of the shower particles with 
the parent nucleus. 

There was a total ot 103 white stars 
which were due to interactions of primary 
tracks with free protons and with 
quasi-free-nucleons in the emulsions. 
In order to separate the interactions 
between the primary protons and the 
free protons, from the interactions of 
primary protons with the protons bound 
to nuclei, we followed the following cri- 
teria: 


i) an even number of secondary 
prongs; 


ii) absence of a recoil blob or of 
a low energy electron (i.e., a clean event) 


ili) the angles of emission and the 
energies of the secondary particles should 
not contradict the kinetics of proton 
collision between a proton and a proton 
at rest. 
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After making correction for the pos- 
sible contamination we thus classified 
63 events a spossible proton-free-proton 
collisions, and 30 events as proton 
quasi-free-neutron interaction. Assuming 
that the number of collisions of protons 
with quasi-free-protons in a nucleus is 
equal to the number of collisions with 
quasi-free neutrons, we get thus 33 events 
due to inelastie proton-free-proton, [later 
called (p-f-p) collisions]. From this 
analysis we are unable to decide in 
detail which 33 events out of 63 pos- 
sible (p-f-p) inelastic collisions are true 
(p-f-p) collisions. In fact, in general, 
one cannot identify individually the ine- 
lastic interactions with hydrogen nuclei 
in nuclear emulsion. The average multi- 
plicity for charged secondary particles 
of the total 63 possible (p-f-p) inter- 
actions was calculated to be n, (ine- 
lastic) 4.0-L 0.5. 

In order to identify the events 
which were due to elastic (p-f-p) col- 
lisions we made the usual tests on two- 
prong white stars, for coplanarity and 
for scattering angles of the shower 
particles which must be consistent with 
the kinematies of elastic scattering, i.e., 
tg y, ‘tg w—1 — (v/c)}? where v is the 
velocity of the CMS with respect to 
the laboratory system. We found thus 5 
possible elastic (p-f-p) scattering events. 
The cross-section value for inelastic 
(p-t-p) interaction after making cor- 
rection for possible contamination is 
about 36 mb and for elastic (p-f-p) 
scattering is about 4.9 mb. 

In order to transform the laboratory 
angles (y,) of the shower particles of 
clean events with N,=0 and 1 and 
having an even number of secondary 
prongs into the CMS system, we used 
the following simple transformation: 


tg y= [1 — (0/mM?} tg (w,/2) . 


In Fig. 3 is shown the individual 
distributions of 2, 4 and 6 prong events. 
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Fig. 3. — The angular distribution in the center-of-mass system of events with Nx=0 and 1; for 


the individual distribution of 2, 4 and 6 prong stars. 
———- 6 Prong stars. 


stars; 


Practically all these distributions show 
anisotropy. 

We may mention here that the 
average multiplicity is slightly less than 
one would expect at this energy and 
it is due to a slight contamination of 
secondaries present in the primary beam. 
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* Ke Of 
We thank Prof. M. F. Karton 


for his criticism and also for his kindness 
in supplying us with the emulsion 
plates, 
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Recent experimental evidences tend 
to favor an assignment of odd rela- 
tive ZA parity (12). The & can then be 
considered as a bound system of A 
and x in an S state, with the scalar Az 
coupling constant being of the order 
of 1(4:3). It is indeed an interesting 
feature of the bound state picture 
that the coupling constant is more or 
less determined by the binding energy 
if the latter is small enough. 

Some interesting predictions can be 
made for processes involving © and A 
once we take the above picture in a 
serious way (=>). We would like to 
report here another such consequence 
which naturally follows from the same 
assumptions. This is the interaction 
between a £ and a A through the 


(*) Work supported by the U.S. Atomic 
Energy Commission. 

(7) Y. NAMBU and J. J. SAKURAI: Phys. 
Rev. Lett., 6, 377 (1961). See also S. BARSIHAY : 
Phys. Rev. Lett., 1, 97 (1958). 

ids) eli ARIE Al. 
1212 (1961). 

(*) J. BERNSTEIN and R. 
Rev. Lett., 6, 639 (1961). 

(Js RER ANELIN, MRC 
TUAN: to be published. 

(5) S. BARSHAY and H. 
to be published. 
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exchange of a pion. (Coupling to the 
EN system is neglected for the moment). 
Because of the scalar coupling, one gets 
in the static limit a Yukawa potential 
with an exchange character 


, exp [— ur] P 


(1) V= 9 ap ate 


r 


where x is the meson mass, and P, 
and P, are the space and spin exchange 
operators. Although g? is «1, the 
higher order potentials (many-meson 
exchanges) should not be important 
unlike the nucleon-nucleon case. 

We see from eq. (1) that V is nega- 
tive for P,P, =—1, e. for the states 
IS, ®P, etc., and consequently there arises 
a possiblility of bound YA formation. 
In terms of the bound state picture of Y, 
one may describe the SA system as a 
lambda molecule AA bound by virtue 
of a pion. This will be possible if 
the Pauli principle does not repel the 
two A’s, namely if P,P,=—1. 

The binding energy predicted from 
eq. (1) turns out to be surprisingly 
large. In order to get a general picture, 
we will replace the Yukawa by the 
Hulthén potential. The binding ener- 
gy jor thems fiato 


then given 


3432 


POSSIBLE BOUND YX-/A SYSTEM 


where m is the reduced mass (~ 600 MeV), 
and n is the principal quantum number. 
The result is listed in Table I for. g?=0.5, 1 
and 1.5. 


TABLE I. — The binding energies €, (MeV) 
according to the Hulthén potential. 


| T 
| G2 035 | GPL || GP atlas 
| | | | 
Me | 40 SEE O10 
| e, 0.04 | bess ea TO 
| — | = | + | 
This estimation, however, is not 
physically reliable when the binding 


energy is as big as a few hundred MeV. 
For the size of the system x 1/V2me 
would then be much smaller than the 
range of the potential, which means 
that the result would depend critically 
on the details ot the unknown short range 
part of the interaction. For example, if 
there is an analog of the hard core 
of the nucleon-nucleon case, the binding 
‘energy should be drastically reduced. 

We have estimated such an effect 
of the hard core by using a simple 
trial wave function 


y(r) = (A —r/ro) exp [— Ar] . 


where 7, is the core radius. The resulting 
lower bound to the ground state binding 
energy is plotted in Fig. 1 for various 
values of 7, and g?. One finds, for 
example, that with g?=1 and 


Yo = 3m = 0.5- 10-13 cm , 


(6) L. ROSENFELD: Nuclear Forces, Vol. 1 


(Amsterdam, 1948), p. 76. 


$433 


865 


the binding energy is of the order of 
several MeV. 


MeV 
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Fig. 1. — Binding energy vs. core radius for 


different coupling constants (variational esti- 
mation). 


Thus the binding energy is very 
sensitive to g? and the details of the 
short range potential. But it seems 
quite likely that there is at any rate a 
strong tendency for a bound state 


formation. We will now consider its 
implications. 

We first take note of tre fact that 
the YA system has strangeness S=— 2 


and isospin 7=1, and is unstable by 
50 MeV relative to EN, neglecting the 
binding effects.  X°A is also unstable 


866 Ye 


by 70 MeV relative to AA via electro- 
magnetic processes. The coupling to 
the EN channel, which was neglected 
in the above considerations, occurs 
through a K meson exchange, which 
may or may not be too important, 
and will depend of course on the coupling 
constants and the E parity. Theoreti- 
cally, our model does not predict anything 
about the E.N° system (*). If the binding 
energy of SA is small, the bound state 
will actually be observed as a resonance 
in the EN channel. When the binding 
becomes large enough (e >50 MeV), it 
will be able to decay into UN or AN 
via weak interactions. (We know empi- 
rically that EN and AWN interactions 
are weak.) Even these AS=1 processes 
become energetically forbidden for XA 
(and Sfor> SA: under AS AO) if 
£ > 180 MeV and for =*A if e > 250 MeV. 
In such cases, the stability of NA would 
depend very much on the presence or 
absence of AS=2 weak interactions. 

Experimentally, there are some evi- 
dences for the formation of S=— 2 


(7) Some theoretical considerations on the 
EN system have been made by J. SZIMANSKI: 
Nuovo Cimento, 11, 730 (1959). See also L. B. 
Oxun’, I. YA. POMERANCHUK and I. M. SHMU- 
SHKEVITCH: Zurn. Eksp. Teor. Fiz., 34, 1246 
(1958); S. B. TREIMAN: Phys. Rev.; 113, 355 
(1959). 
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hypernuclei (8°), but little is known 
about the two-particle system we are con- 
cerned with. A possible way to test our 
conclusions would be to study the pro- 


cesses 
K-+d—> Kt+8 +n, 
Pa SEN 


KE (SA), ete: . 


For example, the Q-value distribution 
fo the E n pair may show a resonance 
structure due to (XA). If the YA forces 
are not strong enough to cause binding 
there may still be a low energy resonance 
above the SA threshold. 


Should the YA binding be large 
enough to be stable against E.N° con- 
version, the inverse reaction, namely 


the radiative capture of & by N, 
E 4+N > (2A)+y, 


could also occur in competition with 


SN 


>A+A+y. 
(*).W. H. BARKAS, N. N. Biswas, D. A. 
DELISE, J. N. DyER, H. H. HECKMAN and 


F. M. SMITH: Phys. Rev. Lett., 2, 466 (1959). 

(9) D. H. WILKINSON, S. J. ST. LORANT; 
D. K. ROBINSON and S. LOKANATHAN: Phys. 
Rev. Lett., 3, 347 (1959). 
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It has been pointed out by Evans and Furron (!) that the asymptotic con- 
dition, in its present formulation (23), is incompatible with quantum electro- 
dynamics in the Lorentz gauge (?). The asymptotic vector potential, say Af, is 
postulated to be a free field, so that 


(1) PAG =10, 
(2) [Ain(a), Ain(y)] = ig” Dia — y) . 


On the other hand, if the interacting Heisenberg fields 1“(7) are computed on the 
basis of the electrodynamic Lagrangian, and if one defines the usual weak limit 


Ò le) 
(3) Si (a) = lim fu | A*(y) D(a — y) + D(x — y) — A(y)|, 
y— — © oy? ay? 
then one obtains 
(4) Er (x) OM 
(5) [in (x), Lin(y)] = ig — M 00") Dia — y). 


The number M does not vanish in perturbation theory, and also in a more general 
treatment (3) has been shown to be non-zero. Hence 


(6) Aî# Lin: 


) Research supported by the National Science Foundation. 
1) L. E. Evans and T. FULTON: preprint. 

) H. LEHMANN, K. SYMANZIK and W. ZIMMERMANN: Nuovo Cimento, 1, 205 (1955). 
) G. KALLÉEN: Handb. d. Phys., vol. 5, pt. 1 (Berlin, 1958). 
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The purpose of this note is to observe that if one reformulates the asymptotic con- 


dition to read 
(7) Ab (a) = Si (x) +4M 0" d, An(2) » 


with .@# obtained from (3), then the desired relations (1), ( 2) follow immediately 
from (5). It therefore seems that (3), (7) is the correct limit in the case of the 
interacting photon. 

The reduction formula for the S matrix is unaffected by this gauge transformation. 
Indeed, if f(x) is a physical free photon wave function, satisfying the Lorentz 
condition 0-f—0, then the creation operator for incoming physical states 


à 


a re ° | 
(8) on = À il dx | AS) fe) + PE) A sl) 


and its Hermitian adjoint af, are unchanged under the substitution .7— A. 

By considering a complete orthogonal set of functions f” which do not nec- 
essarily satisfy the Lorentz condition one may now use (8) to construct orthogonal 
(and presumably complete) sets of asymptotic states, including the unphysical ones. 
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In this note we should like to de- 
scribe a new particle, a neutral meson, 
which seems to be stable. We shall 
first deseribe its strong and weak inter- 
actions, then indicate experiments by 
means of which this particle might be 
observed, (including some evidence which 
suggested its existence), and finally sug- 
gest a scheme under which such a par- 
ticle might arise. Our major point is 
that if a scalar or pseudoscalar boson is 
odd under charge conjugation, it is 
stable or extremely long lived in the 
absence of neutral lepton currents. 

Let us first consider the possible 
strong interactions of a particle of this 


(*) Supported, in part, by the National 
Scienee Foundation. 

(1) A number of people have discussed the 
possibility that an additional spinless boson 
exists, an isotopic scalar version of the x, iden- 
tical with the n° except for its parity which is 
even. Cf. A. M. BALDIN: Nuovo Cimento, 8, 
569 (1958); A. M. BALDIN and P. KABIR: Nuovo 
Cimento, 9, 547 (1958). 

We will not commit ourselves as to the 
parity of this particle although, as wlll be seen 
later, odd parity would be an attractive pos- 


sibility. 


56 - Il Nuovo Cimento. 
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type which we shall call for the pre- 
sent X°. Since the strong interactions 
are invariant under charge conjugation, 
the only Yukawa coupling is a derivative 
coupling of the form wy,p(0X°/dx,), 
(which is possible only if the particle is 
a scalar). This can be transformed away, 
so that any strong interactions must be 
of a « pair » type e.g. 


XX0ww, iX(AKN—NKA), 
or 


iX(X-KaN-NaK-X) (2). 


(?) In the reactions 


> = x 
op }+r. | Jen 


AO 


K +n—>Z +7n°, 


there would be an apparent violation of charge 
independence if the latter coupling were present 
since the X° and 7° would not be distinguished. 
Further, a similar situation would hold for the 
production of an additional n° in associated 
production. The experimental data indicate 
that the rate for production of X° is less than 
5% that for the 7°. 


, 870 


x 


Therefore, if produced via the strong 
interactions, X° is always produced in 
pairs, or in conjunction with other par- 
ticles and as we shall see, it is stable 
or very long lived, it is not likely to 
have been detected among the strong 
interactions. 

Since the weak «interactions do not 
conserve ©, almost any coupling would 
be possible. One would not, however, 
expect X° to be coupled to the leptons 
since no neutral lepton currents have 
been observed. X° could be coupled via 
an intermediate boson W° or directly 
with other heavy particles. If X° does 
not interact strongly it would be a sort 
of leptonic boson. 

Let us turn to a consideration of 
possible decay modes. If the mass of X° 
is smaller than or equal to the m mass 
the absence of a neutral leptonic current 
prevents decays via the weak inter- 
-actions. The only remaining mode is 
the photonic decay. Since X° is odd 
under charge conjugation it can only 
decay into an odd number of photons. 
The only requirements on the matrix 
elements are produced by gauge inva- 
riance and Bose statistics. The matrix 
elements must contain the electromag- 
netic field tensor an odd number of 
times, the field X°, and all possible 
derivatives. An elementary calculation 
indicates that all the local, effective 
matrix elements vanish for three-photon 
decay and, thus, the photon decay is 
strongly suppressed (°). Actually, the 
restriction on the possible couplings 
provides a more simple method for 
demonstrating the strong suppression of 
photonic decays. Since electromagnetic 


NID 


By manipulating the indices and making use 
of the anti-symmetry of Fay; they can be shown 
to vanish. 
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decays of a neutral particle proceed 
only through the strong interactions, 
and the Yukawa coupling can be trans- 
formed away, the « pair » coupling only 
is operative. The first of these leads to 
no decay and the second to a strongly 
momentum-dependent matrix element (4). 
Assuming only Yukawa couplings for 
the strong interactions, the X° is stable, 

Now we are faced with the problem 
ofindicating a means for detecting the X°. 
The decay of the K+-particles provide 
the best arena for the detection of the X° 
(we must point out that we were led 
to consider the X° because of an anom- 
aly in the K+ experiments). K_, decay 
is forbidden by the A/—+ whereas the 


decay K++ x++X° is allowed. If the 
mass of X° is close to the mass of x, 
reaction K+- xt+X® would not be 


kinematically distinguishable from K_s. 
The difference would arise only if one 
observed the decay of 7°. An::experi- 
ment of this type has been carried out 
in the xenon bubble chamber and indi- 
cates a serious discrepaney with the 
emulsion results. The K_, branching 
ratio is $ that of the emulsion experi- 
ments (°). If both experiments are accu- 
rate the discrepancy can easily be ac- 
counted for by a particle with the prop- 
erties of X° and would indicate that the 
mass must be very close to that of a rt. 
The X° might also be produced in hy- 
peron decay through 
A°+n+X9, Lt+>p+X°. 

Finally, we should like to consider 

a scheme by which a particle with the 


(4) The coupling argument holds both for 
scalar and pseudoscalar particles. In fact, the 
relative stability of the particle is independent 
of the parity. 

(5) G. ALEXANDER, R. H. W. JOHNSTON 
and C. O’CEALLAIGH: Nuovo Cimento, 6, 478 
(1957); H. S. BrIipGE, D. H. Perkins, J. R. PE- 
TERSON, D. H. StoRK and M. N. WHITEHEAD: 
Nuovo Cimento, 4, 834 (1956); B. Row and D. SIx- 
CLATR: private communication. 
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properties of the X° might arise. Sup- 
pose the 7°s behave like a doublet for 
the weak interactions. The r's would 
have the form: 


et 


We assume that under 0, Cp°C-1=90 
and under P, Pg°P_1—=_- 9°. However, 
the z’s also interact strongly and since 
the strong interactions are CP invariant, 
only those combinations of 9° and 7° 
which are eigenstates of CP are per- 
mitted (5). 
These are 


The first of these is the 7° which forms 
a triplet with z+, x. By an appropriate 


(9) Cf. G. FEINBERG: Phys. Rev., 108, 
878 (1957). 
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choice of coupling constants, the inter- 
action can be made charge independent. 
The latter is the singlet X° and would, 
thus, have odd parity. However, the X° 
fits into other schemes of the strong 
interactions as well, such as the 4-dimen- 
sional one of SHIMAMOTO (7). We are 
at present continuing the study of the 
properties of this particle and an exper- 
iment is being contemplated by Ron 
and SINCLAIR which would attempt to 
detect both the z+ and r° in the K* decay. 


* *X * 


One of us (I.G.) would like to express 
his appreciation to B. Roe and D. SIN- 
CLAIR for illuminating discussions about 
the theoretical and experimental con- 
siderations and to K. M. Case, R. R. 
Lewis and G. W. Forp for critical 
discussions and comments. 


(*) Y. SHIMAMOTO: private communication. 
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Recent papers (1) have dealt with the introduction of unitary symmetry, i.e. inva- 
riance under the three-dimensional unitary group, as a convenient approximation 
in the theory of strong interaction. The strong-interaction Lagrangian is assumed 
to consist of a part invariant under the unitary group, plus a «correction » breaking 
the invariance. 

In this note we shall examine the properties that follow, for weak and electro- 
magnetic amplitudes, from this hypothesis, together with the violent assumption 
that the symmetry-breaking « corrections » can be neglected. We do not know 
under what conditions this last hypothesis can be applied. It might be applicable 
in the high-energy region — or, better, we know for sure that it is not generally 
applicable at low energies. 

The consequences of violent assumptions are usually far-reaching. Thus we 
find that the K° (or K°) electromagnetic form factors must be zero, the charged 
K form factors must be equal to the charged pion form-factors; there are simple 
stringent relations betwen the form factors of the baryons (already given by 
COLEMAN and GLasHow (°)), of the vector mesons, between the electromagnetic 
amplitudes from vector to pseudoscalar mesons, between the amplitudes of y° decay 
and 7° decay, and between weak interaction amplitudes. These relations depend 
in part ou the particular representation adopted for the baryons. 

For instance according to the «eightfold way » the A form-factors are one-half 
of the neutron form factors. They must instead be equal in the Sakata represen- 


(1) S. OGAWA: Progr. Theor. Phys., 21, 209 (1959): Y. YAMAGOUCHI: Progr. Theor. Phys. Suppl., 
11, 37 (1959); M. IKADA, S. OGawa and Y. OHNUKI: Progr. Theor. Phys., 22, 715 (1959); 28, 1073 
(1960); I. E. Wess: Nuovo Cimento, 15, 52 (1960); Z. MEKI, M. NAKAGAWA, Y. OHNUKI and S. Sa- 
KATA: Progr. Theor, Phys., 28, 1174 (1960); M. IKEDA, Y. Mrvacur and S. OGAWA: Progr. Theor. 
Phys., 24, 569 (1960); M. GELL-MANN: to be published in Phys. Rev.; A. SALAM and J. C. WARD: 
Nuovo Cimento, 20, 419 (1961); Y. NEEMAN: preprint. | 


(*) S. COLEMAN and S. L. GLASHOW: Phys. Rev. Lett., 6, 1423 (1961). 
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tation. If this is true also at low energy a measurement of the magnetic moment 
would distinguish among the two cases. 


1. — The unitary group in three dimensions has 8 generators /,. Their com- 


m* 


mutation rules are given, in terms of the totally antisymmetric tensor (3) f,,,,, by 
(1) Ni, F,] ti if mn Fi . 


In correspondence to each /, there is a current j,,(z), conserved as long as 
unitary simmetry holds. The currents transform according to 


(2) [EOS In(2)] = tf mnigu(@) C 


In the theory of Gell-Mann and Neeman (eightfold way), where baryons trans- 
form according to the 8-dimensional rapresentation, the electromagnetic current, 
a(x), is given by 


(3) je) = ja(e) + il). 


From (2) and (3) one sees that Y,, F,, F,, and F, are the generators of the 
subgroup that leaves j(x) invariant. Conservation of /'; and F, expresses conser- 
vation of J; and of hypercharge. We thus limit our considerations to F, (F, gives 
the same results). From the identity 


KA is; 4 (a4) --- j(2,)]| B> = 0; 


where j(#,) --- j(%,) is any product of » currents, we derive, if À and B are one- 
particle states 


(4) <O|[wus Feld ---j|B> = <Alj --- [Fo w3]|0> , 


where yt, y are the relevant creation or annihilation operators, and we have briefly 
denoted by j ---j the product of the currents. In Gell-Mann’s « eightfold way » both 
baryons and mesons are assumed to transform according to the 8-dimensional 
representation. Therefore, for a suitable choice of the y’s, 


(5) [Wms Fl = à Jun Yr > 


and thus (4) relates directly different matrix elements between one particle states. 

If we apply it to the mesons we obtain, for instance, the following conclusions: 

— the K° (or K°) form factor is always zero (we use also charge conjugation 
invariance) ; 

— the form factor of K* (K=) is equal to that of nt (x); 

— the amplitude for Compton scattering on K* is equal to the same amplitude 
of a x*. For the corresponding amplitudes on neutral mesons one has relations 
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of the kind: 
Va | jj | K°> = ella — V3 <0 1591 2° : 
— <{K°|jj|K°> = <x |i n> — v3 1991 2°» - 


— The amplitude for y°~y+7 is 1/4/3 times the amplitude for r° —y+y etc. 
By applying (4) to the baryons one finds 


[PNR ee RP FBO s 
CHI RR 
LOG 222 G | NC EEE 
1 | vii 
ps NS oli RASE 


— VESA |j ---§| 2%) = <nj ---jln> — 2919 --- 5120 1 


A relation between the electromagnetic mass splittings, 


Imz- — Imzo = Im, — dm, + Smy ON y+ , 


given by CoLEMAN and GLASHOW (?), is contained in (6). 

If the current product j --- j reduces to a single j one can make further use of 
the transformation properties of j. A matrix element <A |j,,|B> where A, B, j,, all 
transform according to the eight-dimensional representation can be decomposed as 


(7) <A |jm | B> = tf apm O + dsnme ? 


in terms of the totally antisymmetric tensor f, of the totally symmetric tensor d(*), 
and of the quantities 0 and é. 

The identity (7) is similar to the familiar Wigner-Eckart theorem for space 
rotations. The quantities © and & play the role of the so-called reduced matrix 
elements, and f and d of Clebsch-Gordon coefficients. 

The reason why one has two reduced matrix elements in this case is that the 
reduction of the direct product 8x 8x8 contains the representation 1 twice. 

Applying (7) to (3) one has 


i des La ee 
(8) <4 9 |B> = 4 bore a va lun O + (du + V3 Lim 6. 


It is instructive to compare with the corresponding situation when only charge 
independence is assumed. In that case one has two independent matrix elements, 


(*) A table of the elements of fmnt as well as of dmn is given in the paper by GELL-MANN [see @)). 
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usually called the scalar part and the vector part, which originate directly from the 
decomposition of j, analogous to (3), into an isovector and an isoscalar part. Here 
instead, j, and jg transform both in the same way, according to (2), but each of 
them originates two reduced matrix elements. 

With (8) one fonds directly 


(6) <2°/j129 =36, 


a) <A {| = —48, 
(4) <E°|j|4°» = = n, 
Ma KEY |Z arno; 

Si DRE RES ET 
(8) Ea» = 36, 
1) lin =16+0, 
2) Glil = 24€, 


(5) <2Z+|jlZ25 = 48 + 0. 


From (9) one obtains the relations between the anomalous magnetic moments 
given by COLEMAN and GLasHow (24). We recall that one has (denoting explicitly 
the tensor indices) 


Où = tp) O,(K2)y" + 0,(K®)oK"]u(pi) , 


with K = p,—~p,, and similarly for &#. 

Relations similar to (9) hold for the form factors of the postulated vector mesons 
or for the amplitudes of radiative transitions between vector mesons and pseudo- 
scalar mesons. Thus one finds, for instance, 


2 LA è 
We (Ko |7|L°> 


1 


ee Deere 
V3 <xolI|Xo> = Soli ro) Sr 


agli | vo) = <xglj| > = — 


<oe'+ |j|at> = <E'+]j| E), 


where, for instance, x, is the vector meson with the same isospin properties of 7°. 
Furthermore K'+ (K’-) has the same form factors as x'+ (x’-), and the form factors 
of neutral vector mesons are all zero. 


(4) Consistency with the relations of Coleman. and Glashow requires an additional minus-sign 
in ther definition of the L-A transition moment. 
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2. — If one assumes that the weak currents are simply linear combinations of 
the currents j,, (5), one can apply (7) to derive relations between amplitudes for 
leptonic decays, always in the same spirit of neglecting that part of the strong 
Lagrangian that violates unitary simmetry. Thus, the AS=+1, AQ=+1 weak 
current could be of the form g(j,+4j;) where g is a constant. One then has the 
decomposition 


(10) g<A |Ja + Ys |B> = (thaza— fans) O'+ (diga + id 455) 6”, 


where ( and é' are g@ and gé. 

If one assumes universality in the coupling of the weak currents to the leptons 
the AS=0, AQ=+1 weak current would be g(j, +7), with the same g as in (10). 
But then the rates for hyperon leptonic decays would be much larger than observed. 
Therefore the use of the universality hypothesis is, at least, inconvenient, in such 
a scheme; of course, the hypothesis may be true, but masked by strong renormali- 
zation effects. We do not therefore insist on the relations between matrix elements 
of different currents. From (10) one finds 


tei |] 7 go 1 ES 1 1 ai 
9<E" |ja + tj5|4> = al AA 
V2 1/3 
gZ ja + il = — 0'+ 6", 


il 
952" fa + sp) = dA O'+ 6"), 


2 
(11) 
rae do = 1 
gAlja + js|\P> = Da V3 0' —— e) è 
v2 V3 
| 
GF at GE = SG (OLE. | 
V 2 
JE fa + i = O'+ €". 
| 


3. — Still in the same spirit of neglecting violations of unitary simmetry we can 
easily establish that, in the limit of zero momentum transfer, € +0 (i.e. the form 
factor multiplying Yu in the expansion of &' is zero for K2—0). In fact in the limit 
of zero momentum transfer the relevant matrix element is proportional to 
<A|F,+iF;|B), since the generators #, are also the space integrals of the fourth 
component of j,, (and, of course, are conserved if 1. US A However 


(12) <A |P, + iF;|B) = <0|[y,, E, LFB = 


if ana a fas ’ 
showing that &'(0)—0 and O'(0)=g. 


(*) If strange currents violating AS=AQ exist ( 


: ne preliminary repor à ee A 
group) this possibility is lost, at least in the frame È port from the Padua-Wisconsin 


work of the three dimensional unitary group. 


3444 


SI 


CONSEQUENCES OF UNITARY SYMMETRY FOR WEAK ETC. 87 


4. — There are other versions of the models based on unitary symmetry differing 
mainly in the representation of the baryons. In the model by Gell-Mann and 
Neeman the eight known baryons are the basis of an eight-dimensional represen- 
tation. In the original Sakata model (!) three baryons p, n, A, are the basis of a 
three dimensional representation, while other baryons belong to higher represen- 
tations (to the 15-dimensional, or to both the 15 — and the 6 — dimensional 
representation). One can easily extend the considerations we have made in the 
previous sections to the Sakata model. One has however to be careful in identifying 
properly the currents. The electromagnetic current in the Sakata model is no longer 
given by (3) but it is given instead by 


1 1 
(13) Je) = Js(2) + Write GE 


Note the addition of 4j,(x), proportional to the baryonie current, which belongs 
to the one-dimensional representation, and therefore does not transform according 
to (2). This circumstance again brings two independent «reduced » matrix elements 
and we find the relation 


(14) ‘n]j|m = <A[j| 4}, 
i.e., neutron and A have the same form factors and anomalous moment. 
In contrast to this results, the eightfold way gives <n|j|n>)=2<A4]|j|4>. The A 


anomalous magnetic moment will presumably be measured rather soon by precession 
in a strong magnetic field (5). 


(*) This experiment is under development at Brookhaven and at CERN. 
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RAP Dicks, “and, J'OPWTITRESE 
Introduction to Quantum Mechan- 
ies; Addison-Wesley Publishing 
Company Inc., Reading, Mass., 
USA; pp. x1-370, prezzo $ 8.75. 


Il contenuto del volume corrisponde 
più o meno ai programmi dei nostri corsi 
universitari di meccanica quantistica. 
Nei primi tre capitoli gli autori svolgono 
il necessario esame critico dell’applica- 
bilità di concetti classici al fenomeni 
microscopici. ‘Inoltre viene mostrato, 
senza ancora pretendere ad una formu- 
lazione rigorosa, come l’uso di concetti 
tipicamente ondulatori permette di inter- 
pretare fenomeni inspiegabili dal punto 
di vista classico. D'altra parte un for- 
malismo sufficiente deve anche essere 
capace di esibire aspetti corpuscolari, da 
cui la necessità di incorporare nella 
descrizione un principio di complemen- 
tarità. I successivi sette capitoli conten- 
gono una esposizione dettagliata e con- 
sistente della meccanica ondulatoria di 
Schrôdinger. Infine gli ultimi otto capi- 
toli contengono la trattazione della mec- 
canica quantistica nello spazio di Hilbert, 
lo studio dei metodi di approssimazione 
e le loro applicazioni, la discussione del 
problema di particelle identiche ed una 
molto bella introduzione ala meccanica 
statistica quantica interamente basata 
sulla nozione di matrice di 

Vorremmo 


densità. 

commentare 
chiaro dalla 
gli autori si 
sono sforzati di sviluppare una prima 
parte della trattazione su un tono più 
semplice ed accessibile. Si tratta della 


brevemente 
su due punti. Anzitutto è 
suddivisione dell’opera che 


meccanica ondulatoria alla Schrédinger, 
trattata nei primi dodici capitoli. Il punto 
di vista è il seguente. L’uso di concetti 
di meccanica ondulatoria in fisica co- 
mincia subito a divenire necessario allo 
studente, dopo avere studiato la fisica 
macroscopica, per qualunque ulteriore 
studio. È necessario che se ne offra una 
esposizione semplice e tuttavia sufficiente, 
quanto prima nel corso dell’insegnamento 
universitario. La discussione formale della 
meccanica quantistica può essere presen- 
tata in un tempo successivo. Vi saranno 
certamente obbiezioni a questo punto di 
vista ma riteniamo che la sua adozione 
stia diventando inevitabile. La mecca- 
nica ondulatoria alla Schrodinger va 
insegnata quanto prima possibile nel 
curriculum universitario, con la riserva 
di una successiva discussione più appro- 
fondita. Il punto che vor- 
remmo commentare riguarda l’insegna- 
mento della meccanica quantistica rela- 
tivistica. Gli autori di questo volume in 
recensione non includono alcuna discus- 
sione di meccanica quantistica relativi- 
stica allo scopo di evitare le « complica- 
zioni e gli aspetti insoddisfacenti della 
teoria dei campi »). Esisteva in passato, 
in parte per giustificabili motivi storici 
ed applicativi, la deprecabile, a nostro 
avviso, abitudine di includere alla fine 
del corso di meccanica quantistica la 
discussione dell’equazione di Dirac. Ora 
è vero che l'esposizione dell'equazione 
di Dirac dà all’insegnante Villusione di 
avere detto «tutto» sull’atomo di idro- 
geno. È anche vero però che l'equazione 
di Dirac è un’equazione di teoria dei 
campi, e non si insegna, onestamente. 


secondo 
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senza concetti di teoria dei campi. 
Il desiderio di usare direttamente e senza 
giustificazioni l’equazione di Dirac per 
descrivere il moto di un singolo elettrone 
nell’atomo di idrogeno deve venire sacri- 
ficato ad una maggiore coerenza logica. 
Tl punto di vista che gli autori adottano 
di escludere del tutto problemi relativi- 
stici è, per lo meno, coerente. Eviden- 
temente questo non permette certo di 
evitare il grave problema di come e dove 
insegnare la meccanica quantistica rela- 
tivistica. A nostro avviso la meccanica 
quantistica relativistica, o teoria dei 
campi, deve venire insegnata nei nostri 
universitari. Sappiamo tutti che 
non è possibile a tutt'oggi un’esposizione 
soddisfacente e coerente della meccanica 
quantistica relativistica. Tuttavia, sia 
pure in questo stadio incompleto e fram- 
mentario, riteniamo preferibile l’esposi- 
zione della teoria del campo libero di 
Dirac, e del campo di Dirac con campo 
esterno classico, alla esposizione della 
inesistente teoria relativistica di un sin- 
golo elettrone. 


Corsi 


R. GATTO 


Proceedings of the International Con- 
ference on Nucelidic Masses, 
Me Master University, Hamilton, 
September 12-16, 1960; edited 
by H. E. DucKwoRTH. Univer- 
sity of Toronto Press, pp. 359 
con numerose tabelle e figure. 


Questi Proceedings statano 
una volta la leggenda secondo la quale 
uno studioso che è rimasto a lavorare 
nel proprio Laboratorio non può cono - 
scere le ultime novità se non dopo 
almeno un anno, e cioè quando si sta 
già organizzando, od addirittura svol- 
gendo, un secondo Congresso. Dopo la 
Conferenza di Kingston, dopo quella di 
Toronto e dopo quella di Gatlinburg, 
anche il Congresso sulle Masse Nucleari 


ancora 
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pubblica i suoi atti a pochi mesi di 
distanza dalla sua conclusione. 

A prima vista può sembrare che un 
congresso sulle Masse Nucleari debba 
interessare un gruppo molto limitato di 
ricercatori specializzati in un ben deter- 
minato campo. Ciò è inesatto in quanto 
un gran numero di esperienze che si 
prefiggono altri scopi, ed in particolare 
quasi tutte indistintamente le ricerche 
di fisica dei nuclei, forniscono diretta- 
mente od indirettamente informazioni 
sull’argomento. 

Riferendoci alla fisica dei nuclei ba- 
sterà ricordare le ricerche sulle reazioni 
nucleari o sulla spettroscopia nel corso 
delle quali si misurano trequentemente 
reazioni allo stato fondamentale, od 
energie di transizione. 

Lo studio delle masse nucleari inoltre, 
se trattato statisticamente, può fornire, 
mediante opportune formule, informa- 
zioni sui raggi o sulle superfici nucleari, 
e quindi essere impiegato nella risolu- 
zione di problemi di stabilità nucleare 
(fissione). Questi esempi giustificano la 
presenza al Congresso di fisici come 
K. A. BRUECKNER ed altri non diretta- 
mente specializzati in masse nucleari. 
A proposito di queste è bene ricordare 
che su circa 1300 nuclidi conosciuti, sol- 
tanto 870 masse erano determinato 
all’epoca del Congresso! 

La Conferenza si articola in otto ses- 
sioni. La prima, a carattere introduttivo, 
è una messa a punto sulla conoscenza 
attuale delle masse nucleari. Essa con- 
tiene esposizioni di J. MATTAUCH, A. H. 
WAPSTRA, L. A. KÔNIG ed E. R. COHEN. 
La seconda parte si occupa — da un 


punto di vista teorico — della siste- 
matica e della modellistica nucleare. 
AY EH. 8.) Green, Rie BRANDT en ale, 


RISRULEERS dla we \WiAsmaroumae, kee AN 
BRUECKNER et al. e infine N. ZELDES 
hanno trattato questi argomenti. Nella 
terza parte J. B. Marion, C. P. BROWNE 
et al., F. ASARo.e K. N. GELLER hanno 
affrontato il problema della calibrazione 
in energia di macchine acceleratrici e 
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di sorgenti standard di calibrazione. Nella 
quarta parte sono state discusse le rea- 
zioni nucleari impiegate per la misura 
di Q. L'argomento è stato trattato da 
W. W. BurcHNER, M. Mazari et al., 
T. W. Bonner e da T. H. Morz. Nella 
quinta sessione L. Liporsky, J. W. 
KxnowLks, R. L. GRAHAM trattano i 
problemi riguardanti la determinazione 
dell'energia totale nel decadimento 6 
mediante misure su elettroni e su raggi y. 
Nelle parti sei e sette è trattato l’argo- 
mento tradizionale e cioè la determina- 
zione di masse atomiche mediante la 
spettroscopia di massa. I lavori presen- 
tati riguardano sia gli apparecchi (J. Mar- 
TAUCH et al., C. M. STEVENS et al., 
L. G. SMITH) sia il loro impiego (A. O. C. 
NiER et al., N. R. ISENOR et al., W. H. 
JOHNSON et al., K. T. BAINBRIDGE et al., 
K. Ocara et al.). L'ultima sessione ri- 
guarda argomenti vari quali uno spettro- 
metro di massa per l’analisi di particelle 
di elevata energia cinetica (H. EwALD), 
la determinazione assoluta del peso ato- 
mico dell’argento (W. R. SHIELDS et al.), 
ecc. L'intera conferenza viene chiusa da 
un ottima esposizione riassuntiva di 
A. H. WAFSTRA. 

Facendo il bilancio degli interi Atti 
della Conferenza si nota che ie novità 
apportate dai partecipanti in relazione 
alla necessità di compilare una nuova 
tavola di masse, non sono tali da pro- 
muovere tale iniziativa. Infatti ad ecce- 
zione del lavoro di NrEeR sulla determi- 
nazione di masse atomiche nella regione 
Gd—Au finora poco conosciuta, non ci 
sono altri motivi che giustifichino un 
riesame delle tavole. Anzi sono venute 
fuori delle discrepanze sull’energia di 
legame del deuterio e sull’energia dell’x 
del 21°Po che consigliano addirittura di 
intraprendere nuove misure o comunque 
una maggiore critica ai risultati finora 
ottenuti. Un elemento di notevole inte- 
resse è come al solito fornito dai lavori 
sulle sistematiche nucleari che conti- 
nuano ad apportare chiarificazioni ed 
informazioni nel campo della fisica dei 
nuclei. 


Per concludere, si può affermare che 
sia per gli argomenti trattati che per 
la fama degli autori, il libro risulta molto 
utile non soltanto agli esperti di masse 
nucleari ma anche a coloro che si oceu- 
pano di fisica dei nuclei. 


S. SCIUTI 


D. KASTLER— Introduction à l’ électro- 
dynamique quantique. Dunod, Pa- 
ris, 1961, pp. 333. 


È ormai noto che la teoria dei campi 
relativistici si trova da alcuni anni in 
una situazione di crisi, e che nonostante 
i grandi progressi compiuti nel com- 
prendere la natura delle difficoltà carat- 
terisiche della teoria, resta tuttora non 
risolto il problema fondamentale della 
costruzione esplicita di una soluzione 
delle equazioni del moto. Recentemente 
alcuni risultati del cosidetto metodo 
assiomatico hanno permesso di affron- 
tare direttamente il problema dell’esi- 
stenza di soluzioni per alcune teorie 
particolari, mentre, nell’ambito del for- 
malismo canonico, sono stati raggiunti 
importanti risultati usando la teoria 
delle algebre astratte. Tutti questi svi- 
luppi sono caratterizzati dall'uso di con- 
cetti matematici moderni e da un alto 
livello di rigore nella trattazione. 

Se sì considera che l’istruzione mate- 
matica ricevuta dai fisici nelle Univer- 
sità è prevalentemente classica, si com- 
prende facilmente l’importanza che può 
avere un testo di teoria dei campi che 
adotti un linguaggio matematicamente 
moderno. Il volume di Kastler si pone 
in questo ordine di idee e si indirizza 
esplicitamente ai matematici, oltre che 
ai fisici, col proposito di suscitare nei 
primi interesse per i problemi creati 
dalla fisica e di fornire ai secondi una 
introduzione semplificata al linguaggio 
dei matematici. Il libro ha certamente 
il merito di essere il primo di questo 
genere. Tuttavia ci sembra difficile che 
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riesca ad assolvere il compito che si 
propone. Dopo una breve introduzione 
al formalismo Hamiltoniano in mecca- 
nica quantistica e in teoria dei campi, 
il libro inizia con due capitoli di carat- 
tere matematico dedicati il primo alla 
teoria degli spazi lineari e il secondo 
alle algebre multilineari negli spazi vet- 
toriali. Per il fisico questi sono forse i 
capitoli più interessanti poichè costitui- 
scono un’esposizione rigorosa e nello 
stesso tempo sufficientemente abbreviata 
dì concetti che in genere si trovano 
discussi in trattati di lettura molto più 
difficile. Nel primo capitolo è inoltre 
contenuta una della strut- 
tura del gruppo di Lorentz. 

I capitoli III, IV, V e VI espongono 
la teoria della seconda quantizzazione 
nel caso dell'equazione di Schrédinger, 
dell'equazione di Klein-Gordon e del 
campo di Maxwell rispettivamente e, 
salvo l’uso della terminologia e delle 
notazioni introdotte nei primi due capi- 
toli, son del tutto convenzionali. Pit 
interessante è il capitolo VII sulla equa- 
zione di Dirac dove la teoria degli spi- 
nori viene trattata con maggiore gene- 
ralità che non nei testi scritti da fisici. 
Questo capitolo va completato con l’ap- 
pendice B del libro stesso. 

I restanti nove capitoli seguono 
anch’essi nella sostanza le esposizioni 
convenzionali della teoria, specialmente 
i due capitoli X e XI sui campi in inte- 
razione dove l’autore si limita ad esporre 
il metodo di Dyson per la costruzione 
della matrice S e accenna solamente di 
sfuggita alle difficoltà di coerenza mate- 
matica. Dopo la discussione di alcuni 
esempi il volume si conclude con un 
capitolo dedicato ai diagrammi di Feyn- 
dedicato alla teoria del 


discussione 


man e uno 
campo esterno. 

Possiamo ora precisare la 
avanzata precedentemente. L'autore si 
è limitato alla traduzione in un lin- 
guaggio moderno di quegli sviluppi for- 
mali che hanno caratterizzato la teoria 
dei campi fino al 1955. I problemi più 
sostanziali proprio dal punto di vista 


critica 
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non sono neppure accennati. 


G. JONA-LASINIO 


H. G. VAN BUEREN — Imperfections 
in Crystals. North-Holland Pub- 
lishing Co., Amsterdam, 1960; 
pp. XVIII-676. 


Forse un titolo pit appropriato per 
questo libro sarebbe stato « Proprieta 
dei solidi cristallini difettosi». Il libro 
non si limita difatti alla descrizione dei 
vari tipi di imperfezioni fisiche dei 
reticoli cristallini, ma passa in rassegna 
tutte le proprietà fisiche che in un modo 
o nell’altro sono influenzate dalla pre- 
senza di questi difetti. E° evidente che 
la maggior parte delle proprietà speci- 
fiche dei difetti si possono ricavare 
solo attraverso uno studio sistematico di 
proprietà fisiche diverse; spesso però 
lo studioso tende a concentrare il suo 
pensiero solo su alcune di queste pro- 
prietà. Il VAN BUEREN si propone di 
dare un panorama più vasto delle pro- 
prietà dei solidi difettosi e di interessare 
il lettore alla grande varietà di idee e 
di modelli teorici ingegnosi che sono 
stati proposti, anche se talora essi hanno 
dovuto essere scartati in base all’evi- 
denza sperimentale. 

La conseguenza diretta di questa 
impostazione data dall’autore è la pon- 
derosità del libro: esso è costituito di 
31 capitoli, raccolti in tre parti: I) una 
parte generale introduttiva stringata e 
piuttosto incompleta per il lettore sprov- 
visto, che passa in rassegna le principali 
imperfezioni fisiche puntiformi e non 
puntiformi e ne enuncia la teoria sulla 
base della teoria classica dell’elasticità; 
II) una parte riguardante le imperfe- 
zioni nei metalli completa e ricca di 
bibliografia, che costituisce il grosso 
del trattato; essa riguarda una svariata 
serie di argomenti, dai difetti prodotti 
per deformazione plastica a quelli pro- 
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dotti per irraggiamento, dalla diffusione 
alle proprietà meccaniche e ai mec- 
canismi di crescita dei cristalli; III) una 
parte finale riguardante le imperfezioni 
nei cristalli non metallici (pressochè 
esclusivamente cristalli ionici, germanio e 
silicio). 

Le imperfezioni chimiche (impurezze) 
sono trattate solo incidentalmente quan- 
do queste possano interagire con le 
imperfezioni fisiche, in particolare con le 
dislocazioni. 

La ponderosità del libro ha un grande 
svantaggio che è quello di renderne 
difficile la lettura. Il libro del van 
BUEREN va quindi considerato un trat- 
tato di consultazione e da questo punto 
di vista è molto utile per la ricchezza 
delle informazioni in esso contenute. 
Purtroppo però l’indice analitico non 
risponde alle esigenze di una facile 
consultazione « Divacancy », « double va- 
cancy » e « vacancy pair» corrispondono 
ovviamente allo stesso concetto ma le 
pagine citate nell’indice analitico sono 


rispettivamente cinque, due ed una; 


purtroppo tra queste pagine non 6 
citata quella dove si dà la formula 
della concentrazione delle coppie di 


posti vacanti in equilibrio termodinamico. 


G. Boato 


A. F. IOFFE — Physics of Semicon- 
ductors. Infosearch Limited, Lon- 
don, 1960, pp. 436. 


Il presente volume è la traduzione 
inglese, aggiornata e riveduta dall’Au- 
tore, del testo pubblicato nel 1957 dal- 
l’eminente fisico sovietico recentemente 
scomparso. 

Va subito detto che si tratta di un 
libro stupendo, che segue la via più 
diretta per affrontare il difficile argo - 
mento della fisica dei semiconduttori 
senza presupporre nel lettore nozioni 
che non siano quelle fornite dai corsi 


universitari istituzionali. La trattazione 
degli argomenti introduttivi (statistiche, 
teoria dei difetti nei solidi) è limitata 
all'essenziale, chiarezza estrema e 
con un certo disdegno delle spesso te- 
diose trattazioni matematiche alle quali 
in genere indulgono gli autori di altri 
testi analoghi finora pubblicati; è evi- 
dentemente un libro dedicato dalla prima 
all’ultima riga ai fisici sperimentali. 
D'altra parte, dato enorme interesse 
tecnologico dei semiconduttori, si è rite- 
nuto a ragione importante sviluppare 
grandemente la parte dedicata alle pro- 
prietà interessanti dal punto di vista 
applicativo. Ciò è stato fatto però con 
grande senso di equilibrio, fornendo gli 
elementi studio delle 
utilizzazioni dei semiconduttori ma senza 
mai scivolare nella tecnologia : un esempio 
di ciò è l’ultimo capitolo in cui si diseu- 
tono le particolarità fisiche essenziali dei 
materiali 


con 


basilari per lo 


semiconduttori e si dedica 
ampio spazio ai requisiti richiesti per i 
termoelementi. 

Una discreta bibliografia correda cia- 
scun capitolo, e fa in prevalenza riferi- 
mento alla letteratura sovietica; il pre- 
sente volume è tuttavia, più che un 
libro di consultazione, un testo a cui il 
lettore può affidarsi con piena fiducia se 
desidera organizzare le proprie idee sulle 
proprietà generali dei semiconduttori. 

La materia è suddivisa in sette capi- 
toli. Di questi, i primi quattro sono dedi- 
cati alle generalità e servono da introdu- 
zione: esame dei meccanismi di condu- 
zione nei solidi, fondamenti di teoria 
dei metalli e dei semiconduttori, tratta- 
zione quantistica 
semiconduttori. 


delle proprietà dei 


Il quinto capitolo comprende circa 
metà del volume ed è dedicato agli 
aspetti più tipici della fisica dei semi- 
conduttori: vi è sviluppata la trattazione 
di molti particolari che di solito trovano 
posto esclusivamente nei libri di tipo 
applicativo (proprietà superficiali, giun- 
zioni, effetti termoelettrici e magneto - 
elettrici), ma ciò è fatto sempre con 
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impostazione prettamente fisica e con 
elegante semplicità. 

Gli ultimi due capitoli sono rivolti 
all'esame dei metodi di ricerca propri 
dei semiconduttori e all’analisi delle 
proprietà di molti materiali di questo 
tipo. 

Un cenno a parte meritano le dieci 
pagine di conclusioni in cui l'Autore, 
forte della sua superiore conoscenza 
dell'argomento e della sua vastissima 
esperienza, delinea criticamente la storia 
delle nostre conoscenze sui semicondut- 
tori e indica taluni indirizzi per la 
ricerca futura. 

E. GERMAGNOLI 


T. H. NAPVI — A study of the azi- 
muthal and the zenithal distri- 
bution of cosmic rays at Gulmarg 
(Kashmir). Muslim University, 
Aligarh, India. 


Non lo si può chiamare un libro; si 
ha piuttosto Vimpressione di trovarsi di 
fronte ad un articolo di rivista, forse 
troppo lungo (64 pagine), legato in un 
modesto volumetto. Si tratta della tesi 
di laurea presentata dall’autore per il 
suo dottorato (Ph. D.) nell’Ottobre 1956, 
e pubblicata solo 4 anni dopo per cause, 
dice l'Autore, « beyond my control ». Vi 
sono riportati essenzialmente i risultati 
di un accurato studio sistematico svolto 
dall’Autore sugli effetti geomagnetici 
direzionali della radiazione cosmica a 
Gulmarg, cioè a circa 24° N di latitu- 
dine geomagnetica e circa 2800 m di 
altezza. 

Il Capitolo I consiste in un breve 
ma chiaro quadro introduttivo dell’argo- 
mento ìn studio. Il Capitolo II nella 
descrizione, forse un po’ troppo detta- 
gliata, dell’apparecchiatura sperimentale 
usata: e cioè di un complesso di tele- 
scopi di contatori G-M in coincidenze 
triple, con assorbitore di 10 em di Pb, 
disposti in modo da esplorare l’intero 
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emisfero  contemporaneamente secondo 
le direzioni a 15°, 30°, 45° e 75° rispetto 
allo Zenit e con possibili variazioni di 
azimut di 15° in 15°. Nei Capitoli IV e V 
dopo una rassegna dei risultati cono- 
sciuti in precedenza, (il punto della 
situazione risulta naturalmente intorno 
agli anni 1954-56), sono riportati i risul- 
tati dell'Autore, considerati dal punto 
di vista della distribuzione azimutale e 
rispettivamente zenitale dell’intensità dei 
raggi cosmici. Nell'ultimo capitolo, infine, 
i risultati sono brevemente discussi dal 
punto di vista delle informazioni che 
da essi possono trarsi circa la natura 
delle particelle primarie. Il tutto è cor- 
redato da numerosi disegni, grafici e 
tabelle che costituiscono più della metà 
del libretto e potrebbero essere utile 
illustrazione dell'argomento: peccato che 
l'ordine di successione sia così poco cu- 
rato e, soprattutto, la veste tipografica 
così povera. 

A. M. Conrorto 


M. J. AITKEN — Physics and Archae- 
ology. Interscience Publishers, 
New York and London, 1961, 
pp. x-181; $6.00. 


In questo breve manuale è esposta 
per la prima volta una trattazione, pres- 
sochè completa, di tutti i mezzi che la 
fisica mette a disposizione per gli studi 
di archeologia e preistoria. 

Il libro può essere considerato diviso 
in tre parti: la prima, comprendente 
quattro capitoli, tratta dei metodi fisici 
di prospezione del sottosuolo, la seconda, 
di tre capitoli, espone i metodi di data- 
zione e la terza parte, l’ultimo capitolo, 
è una rassegna dei metodi per l’esame 
chimico dei materiali archeologici. 

Il primo e quinto capitolo, che pre- 
sentano le stesse caratteristiche, sono 
una introduzione rispettivamente alla 
prima e alla seconda parte: nel primo 
capitolo, infatti, vengono elencati quei 


884 


metodi fisici di prospezione del sotto- 
suolo che hanno dato i risultati più 
soddisfacenti per la localizzazione di 
manufatti vari, tombe, resti di costru- 
zione, ecc. sepolti; il quinto capitolo 
enumera i metodi di datazione assoluta 
sia radiochimici (metodo del radio- 
carbonio in particolare) che magnetici 
con brevi cenni anche su altri metodi 
(dendrocronologia, metodo delle varve) 
che, com'è noto, interessano il quater- 
nario recente. 

L'ultimo capitolo, come si è detto, 
è dedicato a quei metodi analitici più 
largamente usati per determinare quelle 
caratteristiche di composizione chimica 
di oggetti archeologici più significative 
per uno studio diagnostico di essi. 

Particolare riferimento è fatto ai 
metodi di analisi strumentale più adatti 
allo scopo (analisi spettrografica, analisi 
per fluorescenza ai raggi X, analisi per 


attivazione neutronica, misura dello scat- 


tering di raggi f). 

Fra i metodi e le apparecchiature 
per la prospezione geofisica vengono in 
particolare trattati i metodi per la loca- 
lizzazione magnetica, secondo capitolo; 
il magnetometro a precessione nucleare, 
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terzo capitolo, e infine i metodi per la 
misura della resistività del sottosuolo 
al quarto capitolo. 

I capitoli sesto e settimo sono speci- 
ficamente dedicati ai metodi di data- 
zione col radiocarbonio e al metodo 
magnetico rispettivamente. 

La caratteristica comune della trat- 
tazione dei capitoli precedentemente 
citati (II, III, IV, VI e VII) è il modo 
esauriente con cui i singoli metodi ven- 
gono trattati: principi dei metodi, tec- 
niche, applicazioni, inconvenienti e pos- 
sibili errori vengono descritti in modo 
tale da costituire un'utile guida a chi 
voglia documentarsi sull'argomento. La 
esposizione è molto chiara. 

Altro pregio del testo è rappresen- 
tato dalla bibliografia accuratamente 
selezionata, di cui sono dotati i singoli 
capitoli, da un indice bibliografico per 
autori, e da un indice analitico. 

In complesso, la lettura del manuale, 
può essere di particolare utilità a stu- 
diosi di archeologia e preistoria nonchè 
a quei fisici che vogliano documentarsi 
sul contributo che la loro disciplina offre 
ad altri campi di ricerca. 

HS Bena 
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